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The frontiers of space science and technology are being expanded at 
Aerospace Corporation. The scientists and engineers of this leadership 
organization are the critical civilian link uniting government and the 
scientific-industrial team developing space systems and advanced ballistic 
missiles. In providing broad scientific and technical leadership to every 
element of this team, they are engaged in a balanced program of activities 
spanning the spectrum from basic research and forward planning through 
general systems engineering. Included in the latter are technical supervi- 
sion, integration and review of the engineering, development and test 
operations of industry to the extent necessary to assure achievement of 
system concept and objectives in an economical and timely manner. 
These people are privileged to view both the state-of-the-art and system 
development in their totality. Now more men of superior ability are 
needed: highly motivated scientists and engineers with demonstrated 
achievement, maturity, and judgment, beyond the norm. Such men are 
urged to contact Aerospace Corporation, Room 103, P. O. Box 95081, 
Los Angeles 45, California. 
Organized in the public interest and dedicated to providing objective leadership 


in the advancement and application of space science and 
technology for the United States Government. 
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0GO-new advance in Space Technology Leadership 


The National Aeronautics and Space Administration selected Space Technology Laboratories, Inc. to design and construct three 
Orbiting Geophysical Observatories for scientific experiments to be conducted under direction of the Goddard Space Flight Center. 
These, the free world’s first production-line, multi-purpose satellites will bring new scope and economy to America’s investigations 
of the near earth and cislunar space environment. Each spacecraft in the OGO series will be capable of carrying up to 50 selected 
scientific experiments in a single flight. This versatility will permit newly-conceived experiments to be flown earlier than had been 
previously possible. Savings will result from NASA’s application of standardized model structure, basic power supply, attitude 
control, telemetry, and command systems to all OGO series spacecraft. Selection of STL to carry out the OGO program is new 
evidence of Space Technology Leadership, and exemplifies the continuing growth and diversification of STL. Planned STL expansion 
creates exceptional opportunity for the outstanding engineer and scientist, both in Southern California and in Central Florida. 
Resumes and inquiries directed to Dr. R. C. Potter, Manager of Professional Placement and Development, at either location, will 
receive careful attention. 

SPACE TECHNOLOGY LABORATORIES, INC. p.o. 80x 95005c, tos ancetes 45, CALIFORNIA 
a subsidiary of Thompson Ramo Wooldridge Inc. P.O. BOX 4277C, PATRICK AFB, FLORIDA 


Los Angeles * Santa Maria * Cape Canaveral * Washington, D. C. Boston ¢ Dayton ¢ Huntsville * Edwards AFB * Canoga Park ¢ Hawaii 


= 


»pth, from 


REDSTON Working as part of Army’s Ordnance developing prototype engines, and at firing bays continuous 
team, Thiokol’s Redstone Division con- since 1949—have resulted in many significant breakthrouyhs 


ducts research into propellant formulation and solid propellant ... providing a steady increase in size, thrust and perform- 
motor development, Experiences—gained in the labs, through ance of solid rocket motors. 
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Prime Contractor: 
The Martin Company 
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stringent military requirements. The associations are —i 
distinguished by a series of major breakthroughs in Thi 
propulsion engineering—beginning with small rocket str 
motors for tactical field use and carrying through to opi 
massive powerplants for anti-missile and satellite ap- €a)) 
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lONGHORN Motors for the Lacrosse and for the tion at Longhorn. Incorporating most advanced methods of 


developmental Sergeant and Pershing manufacture and quality control, Longhorn’s total productive 
missil’s, and for other major systems—all boasting remark- capability has yet to be challenged. Other Thiokol Divisions 
ably high reliability scores—move into smooth mass produc- provide additional scientific and production capabilities. 


SERGEANT 


Prime Contractor: 


LACROSSE 


Prime Contractor: 
The Martin Company 


flight tests with virtually 100% reliability. All have contributed mightily to advancing the total 
state of the art. Additional capabilities for Army’s advanced thinking are provided by other 


Thiokol Divisions. Utah, for large engine production 
—and Elkton, for diversified special motors. 

Through fluid programming of assignments, and 
strategic enlargement of facilities for research, devel- 
opment and production, Thiokol maintains a live 
capability to meet any current and future propulsion 


challenge military orspacee = 
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- Volume 5 of Progress in Astronautics and Rocketry contains papers given at the ARS Sym- 
posium on Electrostatic Propulsion held at the United States Naval Postgraduate School, Mon- 
terey, California, November 3 and 4, 1960. In addition, it contains papers invited to cover specific 
topics. 


The papers have been grouped under the titles used for the various divisions of the conference. 
Each section is prefaced by an introduction prepared by the chairman of the corresponding confer- 
ence session. The publication of these papers in a single volume provides a convenient, up-to-date 
report of progress in this new and active field of rocketry. 
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HEN a combustible gaseous mixture, contained within 

a tube of uniform bore, is ignited at one end of the 
tube, the resulting flame travels with increasing velocity until 
a detonation wave is formed. Relatively little is known 
about the transition of a normal flame to a detonation wave, 
although the mechanism of a stable detonation wave in 
gaseous, combustible mixtures is fairly well understood. The 
length required for the flame to accelerate to the detonation 
state is long for some mixtures and very short for others. 
Interest in the formation of a detonation wave arises from the 
technical and fundamental aspects of combustion. 

Generally, it is assumed that either the deflagration wave 
accelerates with the shock wave to form a detonation wave or 
that the shock wave has sufficient strength to ignite the com- 
bustible mixture immediately behind the shock wave. The 
transition mechanism is an unsteady process involving the 
flame acceleration, the shock-deflagration-rarefaction wave 
interactions, the generation of turbulence and the effects of 
chemical and molecular kinetics. The parameters which are 
most characteristic of the formation of a detonation wave 
are the induction distance and the induction period. 

In this analysis an approximate expression for the induction 
distance in terms of the temperature ratio across the detona- 
tion wave is given and an empirical relationship between the 
induction distance and the initial physical and chemical 
properties of various gas mixtures is established. 


Presented in part at the ARS 14th Annual Meeting, Washing- 
ton, D. C., Nov. 16-20, 1959. 

\'The studies reported here were conducted with the support 
of the Aeronautical Research Laboratory, Air Research and 
Development Command, U. 8. Air Force, under Contract AF 
33(616)-5615. 

? Assistant Supervisor, Rocket Research Laboratory; Assistant 
Professor, Department of Aeronautical and Astronautical Engi- 
neering. Member ARS. 
en * Research Associate, Rocket Research Laboratory. Member 

4 Director, Rocket Research Laboratory; Professor, Depart- 
_— of Aeronautical and Astronautical Engineering. Member 


Experimental Measurements and 
Theoretical Analysis of Detonation 
Induction Distances 


LOREN E. BOLLINGER: 
MICHAEL C. FONG’ 
RUDOLPH EDSE‘ 


The Ohio State University 
Columbus, Ohio 


Experimental measurements of the induction distances are given for hydrogen-oxygen, acetylene- 
oxygen, acetylene-air, methane-oxygen, carbon monoxide-oxygen, hydrogen-oxygen-nitrogen, hy- 
drogen-oxygen-helium, hydrogen-oxygen-argon, and hydrogen-oxygen-carbon dioxide mixtures at 
initial pressures of 1, 5, 10 and 25 atm. 
perature, burning velocity, sonic velocity in the unburned gas and Reynolds number based on the 
burning velocity has been established to predict detonation induction distances of certain com- 
bustible gas mixtures. The correlation is not satisfactory for mixtures containing hydrocarbons; 
an explanation of this discrepancy is offered. 


Ao empirical relationship involving the combustion tem- 


Equipment and Instru 


Two detonation tubes were employed during the experi- 
ments. The first tube was made of a 115 in. length of type 
304 stainless steel seamless pipe having an inside diameter of 
0.599 in. (15 mm) and a wall thickness of 0.358 in. One- 
sixteenth-inch diameter holes for detection probes were drilled 
into the tube at various locations along the length of the tube. 
The second detonation tube had an inside diameter of 1.968 
in. (50 mm) and a wall thickness of 0.218 in. This stainless 
steel tube was built in six 2-ft sections, each of which were 
honed to a mirror finish. 

Electric heaters and cooling coils on the outside wall of the 
detonation tube together with a thermocouple-type of con- 
troller were employed to maintain the temperature of the tube 
at some fixed value. Most experiments were conducted with 
an initial temperature of 40 C, although in a few experiments 
a temperature of 200 C was utilized. Three independent 
flow measurement and control systems were used for the fuel, 
oxidizer and inert gas so that they could be mixed in any pro- 
portion. Usually each gas was passed through a refrigerated 
silica gel trap to remove any oil or water vapor. The detona- 
tion tube was filled on a flowing basis for each component of 
the combustible mixture to avoid the problems associated 
with the use of a large tank in which the explosive mixture is 
mixed and stored. 

Propagation rates of the combustion or detonation waves 
are determined by measuring the time interval for the wave to 
pass between probes whose distance of separation is known 
accurately. Utilizing the electrical conductivity properties of 
the wave for detection purposes, electrically insulated wires 
are inserted into the tube wall so that the tip of the wire is 
flush with the inner wall of the detonation tube. A 9-\ 
battery and a coaxial cable to the chronograph are connected 
in series between the Teflon-coated probe wire and ground. 
Shorting momentarily during the passage of the wave, the 
probe delivers a voltage pulse suitable to trigger the chrono: 
graph. A six-channel, ten-megacycle chronograph (1)° is 


5 Numbers in parentheses indicate References at end of paper 
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used to measure the time intervals. Time resolution with this 
system is 0.1 microsec. Each chronograph channel is 
gated by voltage pulses from the detection probes. 

All gas mixtures were ignited by melting a 0.005-in. copper 
wire with current from a 2-v wet cell or a 28-v d-c labora- 
tory power supply. Positive ignition was obtained for the 
various mixtures for initial pressures as high as 100 atm. 

Additional details of the equipment and techniques can be 
found in (2-5). 


Experimental Measurements and Results 


A number of measurements of the flame propagation rates 
had to be made in the initiation region for the same initial 
conditions of the gas mixture because of the nonrepeatable 
nature of the velocity data from experiment to experiment. 
Thi- irregular propagation of the flame has been demon- 
strated recently by Martin (6). According to these results, 
it is easy to visualize that the ionization-type detector probes 
cannot give reproducible results for identical initial conditions. 

because of fluctuations of flame propagation rates in the in- 
duction region, at least two definitions of the induction dis- 
tance are possible. As used in this paper, the detonation in- 
duction distance is defined to be the distance between the 
source of ignition and that point in the tube where the wave 
first travels at the velocity of the stable detonation wave. 

Since the final result represents a statistical average of a 
nuniber of measurements, two different sets of values are 
given. One distance is determined from the average flame 
propagation rates, and the other distance is obtained by using 
the maximum propagation rates. Regardless of the method of 


determination, the detonation induction distances are not 
sharply defined in many instances. The present measure- 
ments, therefore, represent good approximations because of 
the physical process, rather than precise values of the in- 
duction distances. 

1 Hydrogen-oxrygen system. Measurements of the de- 
tonation induction distances in hydrogen-oxygen mixtures 
were made at initial pressure of 1, 5, 10, and 25 atm for an 
initial temperature of 100 F, and at 1 and 10 atm for an initial 
temperature of 200 C in a 15-mm inside diameter tube. Re- 
sults of the induction-distance measurements are given in 
Table 1; the detonation velocities are listed in Table 2. Fig. 
1 shows the dependence of induction distance upon initial 
pressure, initial temperature and fuel concentration. The 
effect of initial temperature is relatively small compared to 
that of the initial pressure. 

P. Laffitte and P. Dumanois (7), and quoted by Jost in (8) 
p. 186, found that the induction distance of a stoichiometric 
mixture was 70 cm at 1 atm pressure (vs. 75 cm (min) and 90 
cm (avg) in this investigation) and 35 cm at 5 atm (vs. 19 cm 
(min) and 20 em (avg) obtained here) in a 25-mm diameter 
tube. The initial temperature was not specified. Laffitte (9) 
reported in 1928 the effect of initial temperature upon the 
induction distance of a stoichiometric mixture of hydrogen 
and oxygen at 1 atm pressure. He obtained an induction dis- 
tance of 60 cm at 15 C, 73 cm at 120-130 C, 78 cm at 160-180 
C, and no detonation occurred in a length of 1 m for 
temperatures between 300 C and 360 C. For an initial tem- 
perature of 200 C, induction distances of 96 em (min) and 100 
cm (avg) were measured in the present experiments. In gen- 
eral, then, it can be stated that the present results at at- 


Table 1 Detonation induction distances of hydrogen-oxygen mixtures 
T% pi, atm _ Mol per cent hydrogen in mixture (induction distances in em) 
30 35 40 50 60 65.7 66.7 70 75 80 85 
Based on maximum propagation rates 
100 F 1 150 A 102 66 A 91 95 156 A 
100 F 5 85 69 41 20 1° 20 A 53 118 
100 F 10 B 80 36 13.5 2. 43 A 45 A 
100F A A 5 4 A 31 A 
200 C 1 B B 120 76 89 A 98 98 125 B A 
200 C 10 A B 90 15 12 A 13 e B A A 
Based on average propagation rates 
100 F 1 150 A 104 74 64 100 A 120 125 194 A 
100 F 5 100 74 46 21 19 A 20 21 A 54 124 
100 F 10 B 106 46 22 14 A 13 23 A 47 A 
100 F 25 A A y 3 5 A 3 6.5 A 35 A 
200 C 1 B B 140 98 95 A 100 112 132 B A 
200 C 10 A B 126 17 15 A 26 100 B A A 
A = no data taken B = did not detonate C = data not reliable 


Table 2 Detonation velocities of hydrogen-oxygen mixtures 
Ti Pi, atm a. Mol per cent hydrogen in mixture (detonation velocity in meters/sec ) 74 By 
30 35 40 50 60 65.7 66.7 70 75 80 85 
100 F 1 C A C 2311 2554 2790 A 3038 3129 3326* A 
100 F 5 1873 1997 2093 2382 2665 A 3017 3047 A 3489 C 
100 F 10 B 2001 2073 2306 2713 A 3114 3292 A 3572 A 
100 25 A A C 2430 2785* A 3028 3114 A 3552 A 
200 C 1 B B 2054* 2206* 2405* A 2666* 2771* C B A 
200 C 10 A B 1897* 2336 2707 A 3311 3465* B A A 
A = no data taken B = did not detonate C = insufficient data to determine detonation velocity. * = estimated 
May 1961 589 


_ 
it 
e 
\- 
f 
3 
| 
A 
4 


tures based on maximum flame propagation ates 


tures based on maximum flame propagation rates 


200 
160 160 
rr 
4 
=e ~ 120 
‘ 
STOICHIOMETRIC 
ra} | 
z é | | 
oa 
a z | 5 ATM 
z 
| 
| 
\ 
40 
| 
Q 
20 30 40 50 60 70 80 90 ae - — 
¥ MOL PER CENT HYDROGEN IN MIXTUR a 
MOL PER CENT METHANE IN MIXTURE 
Fig. 1 Detonation induction distances of hydrogen-oxygen mix- Fig. 2 Detonation induction distances of methane-oxygen mix- 


Table 3 Detonation induction distances of acetylene-oxygen mixtures 
T1 pi, atm Mol per cent acetylene in mixture (induction distances in cm) 
10 15 20 25 28.5 30 35 40 50 60 
Based on maximum propagation rates 
76 32 13 2.5°* 3* R 3.5 
38 B 3 A A A Ae hg 0:5* A 
Based on average propagation rates 
83 33 16 2:5* 2° > i 3* 3.5 3.5 44.5 
40 B 3 A A A 3° 0.5* A A 
B = insufficient data to determine detonation induction distance * = estimated 


Table 4 Detonatjon velocities of acetylene-oxygen mixtures 


Mol per cent acetylene in mixture (detonation velocity in meters/sec) 


Ti pi, atm 
10 
40 C 1 1862 
40 C 5 1933 
A = no data taken 


I 


15 20 25 28.5 30 35 40 50 60 
2011 2163 2310 2408 2435 2574 2702 2932* 2575* 
2121 2279 A A A 2741 2800 A 2613 

3 = insufficient data to determine detonation velocity * = estimated 
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mospheric pressure agree fairly well for a stoichiometric mix- 
ture with those of Laffitte including the trend with elevated Table'S Induction Gistances and detonation velocities of 
initial temperature. The results obtained at elevated pres- acetylene-air mixtures 
sures, however, do not agree; the present measurements in- ' oa 
dicate an induction distance of approximately one-half the i Jeu Induc- Indue- 
value reported by Laffitte and Dumanois. This difference = ion tion 
y distance distance 


7 based on based on 
Mol maximum average 


larger (25 mm vs. 15 mm); the initial temperature was not 
percent propa-  propa- 


specified in Jost’s reporting of this data. Perhaps the dif- 


could be due to various reasons. Their tube diameter was a © | 


ference arises from the definition of the induction distance acetylene gation gation Detonation 

itself since various interpretations are possible as discussed Pi in rates, rates, _ velocity, 

before, or perhaps the method of detection of the flame propa- T; atm mixture cm em m/sec 

gation rate gives rise to the difference in results. 40C 5 7.75 152 160 1900* 
The effect of tube diameter was studied by employing a 50- 40C 5 10 98 99 1948* 

mm diameter tube. Mixtures in the two tubes that are fuel- .° a edad 

lean have induction distances nearly equal. The induction 


distances in the larger tubes are appreciably longer for fuel- 


2 Acetylene-oxygen-nitrogen system. For the acetylene- 
oxygen experiments, only one and five atmosphere initial A, ghee pr Lay 
pressures were employed. No attempt was made to remove 
the acetone or other impurities normally present in the 
acetylene. Results are given in Tables 3 and 4. At the the downstream end of the tube, but the propagation rates 
stoichiometric mixture, the induction distance is approxi- were well below those of a stable detonation wave. A detona- 
mately 1 or 2 em, which is very much less than that obtained tion most probably could have been established if the tube 
with a stoichiometric hydrogen-oxygen mixture. were longer. Induction distances were determined for five 
Data obtained from the acetylene-air experiments are re- fuel concentrations at 5, 10 and 25 atm initial pressure. The 
ported in Table 5. As expected, the nitrogen diluent greatly induction distances are listed in Table 7. Carbon monoxide- 
increases the induction distance. oxygen mixtures exhibit longer induction distances than either 
3 Methane-oxygen system. Measurements were made for hydrogen-oxygen or methane-oxygen mixtures. 
fuel concentrations of 15, 25, 33.3, 40 and 50 mol % at initial The 15-mm detonation tube was destroyed when experi- 
pressures of 1, 5, 10 and 25 atm for an initial temperature of ments were attempted with a stoichiometric mixture of carbon 
40 C. The results given in Table 6 and Fig. 2 follow the monoxide and oxygen at 100 atm pressure. The mixture ig- 
same general trend obtained for the hydrogen-oxygen nited spontaneously after the tube was filled with the explosive 
mixtures. mixture. Apparently ignition was caused by adiabatic com- 
4 Carbon monoxide-oxrygen system. It was not possible pression. The reaction may have had a very long induction 
to obtain detonation in a length of 10 ft for a stoichiometric period. 
carbon monoxide-oxygen mixture in the 15-mm diameter tube. Additional experiments were attempted in the 50-mm tube 
The mixture burned and the spatial velocities increased toward at initial pressures of 1, 5 and 10 atm without success. Deto- 
Table 6 Detonation induction distances of methane-oxygen mixtures 
T; pi, atm A Mol per cent methane in mixture (induction distances inem) sss 
——25—. ——33 .3——. 40-—. —50— 
[1] [2] [1] [2] [1] [2] [1] [2] [1] [2 
40 C 1 102 110 76 78 75 76 77 79 164 183 
40 C 5 91 96 25 27 19 24 26 37 76 89 
40 C 10 47 57 17 28 3.5 10 3.5 6 52 64 
40 C 25 17 27 A A A A A A 16 17 
[1] = based on maximum propagation rates [2] = based on average propagation rates A = no data taken 


Table 7 Detonation induction distances of carbon monoxide-oxygen mixtures ara 4 


OF pi, atm Mol per cent carbon monoxide in mixture (induction distances in cm) 
45——— ——60——— 66 .67——~ ——80———. 
(1] [2] [1] [2] [2] [2] [1] [2] 
40 C 5 156 166 129 134 125 154 160 
40 C 10 141 147 122 126 sn 123 125 — 130 145 151 
40 C 25 107 118 74 92 61 74 Ct ‘121 126 130 ; 


induction distances determined from maximum propagation rates of flame in mixture 7 
induction distances determined from average propagation rates of flame in mixture 
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nation could not be established within a length of 12 ft in the 
larger tube. 

& Hydrogen-nitric oxide system. It was not possible to 
establish a detonation wave at 1, 5 or 10 atm pressure for 
fuel concentrations of 25, 50 or 75 mol % within 12 ft of 
length in the 50-mm diameter tube. A flame in the 50% fuel 
mixture did accelerate to 450 m/sec at the highest initial pres- 
sure after the 12-ft length had been traversed. 

6 Hydrogen-oxygen-diluent system. Four diluents (nitro- 
gen, helium, argon, and carbon dioxide) were employed in- 
dividually in various concentrations in a stoichiometric hy- 
drogen-oxygen mixture. The experimental data are given in 
Table 8. All diluents increased the length required for a 
detonation to form. Carbon dioxide caused the greatest in- 
crease in induction distance, while the addition of argon re- 
sulted in the least increase for a given mole fraction of 
diluent. 


Empirical Correlations 


Based on experimental determinations of the induction dis- 
tances of various combustible gas mixtures at various condi- 
tions, the following four parameters are found to affect the 
induction distance: the heat of combustion, the norma] burn- 
ing velocity, the sonic velocity in the unburned gas and the 
Reynolds number of the unburned gas set in motion by ex- 
pansion of the burned gas. A brief discussion of the role of 
these parameters follows. 

1 Heat of combustion. According to experimental evi- 
dence, systems having high heats of combustion and thus 
producing high flame temperatures in most cases have rela- 
tively short detonation induction distances. However, there 
are exceptions, such as nitric oxide-hydrogen mixtures, for 
which the flame propagation rate is slow and the induction 
distance is long despite their high flame temperatures. There- 
fore, the influence of the heat of combustion or the flame tem- 
perature on the induction distance is probably of importance 
only when it is combined with high flame propagation rates. 


Table 8 Detonation induction distances and detonation 
velocities of hydrogen-oxygen-diluent mixtures! 


Molar 
quantity 
of 1 atm initial pressure 5 atm initial pressure 
diluent Detona- Detona- 
added tion tion 
to velocity, Induction velocity, Induction 
H. + 40, meters/ distance, meters/ distance, 
mixture sec sec —cm—. 


[1] [2] [2] 
Ne 2550* 228 234 2485 116 121 
Ne 2325 244 255 
+He 3120 185 193 3100 63 76 
He 3300* 228 240 3245 108 115 


He 3570 210 218 
$Ar 2280 178 180 2215 40 48 
Ar ee 240 244 2140 108 118 
4CO, 2450* 239 242 2370 111 120 
$CO, 159 302 
1 Initial pressure was 40 C for all experiments. 
* = estimated 
[1] = induction distance determined from maximum 


propagation rates of flame in mixture 
[2] = induction distance determined from average propa- 
gation rates of flame in mixture 


Table 9 Dimensionless induction distances as a function 


of temperature 


°K °K 7; Pe pe RT, 
300 330 1.1 1.391 0.791 0.1955 
300 360 1.2 1.849 0.649 0.4245 
300 390 1.3 2.353 0.552 0.6765 
300 420 1.4 2.885 0.485 0.9425 
300 450 1.5 3.436 0.437 1.2180 
300 480 1.6 4.000 0.400 1.5000 
300 510 Br 4.572 0.372 1.7860 
300 540 1.8 5.150 0.350 2.0750 
300 570 1.9 5.732 0.331 2.3660 
300 600 2.0 6.317 0.317 2.6585 
300 750 2.5 9.269 0.270 4.1345 
300 900 3.0 12.245 0.245 5.6225 
300 1050 3.5 15.198 0.230 7.0990 
300 1200 4.0 18.220 0.220 8.6100 
400 1200 3.0 12.245 0.245 5.6225 
600 1200 2.0 6.317 0.317 2.6585 
800 1200 1.5 3.436 0.437 1.2180 
1000 1200 1.2 1.849 0.649 0.4245 
1200 1200 1.0 1.000 1.000 0.0000 


2 Burning velocity. A fast burning mixture causes strong 
compression waves to travel through the unburned gas. The 
increased temperature and pressure behind these waves lead 
to higher burning velocities of the gas mixture which produce 
stronger waves and so on. This cumulative effect will en- 
hance the flame acceleration and therefore the transition from 
deflagration to detonation. It is evident that the flame ac- 
celeration depends on the manner in which the burning 
velocity is affected by the elevated pressure and temperature 
conditions. According to experimental evidence (10,11) the 
burning velocities for low-energy systems (such as fuel-air 


- mixtures) remain constant or decrease with increasing pres- 


sure, while those of high-energy systems (such as most fuel- 
oxygen mixtures) increase with increasing pressure. The 


— latter phenomenon is frequently accompanied by the genera- 


tion of turbulent flames. On the other hand, it has been 
established experimentally that the burning velocity of a given 
gas mixture generally increases with elevated temperature 
(12). This fact is expected because diffusion of active par- 
ticles, heat transfer and chemical reaction rates increase with 
temperature. 

In summary, the magnitude of burning velocity deter- 
mines the flame acceleration arising from pressure and tem- 
perature effects as well as the generation of turbulence during 
the early stage of development of a detonation wave. There- 
fore, the burning velocity must be considered as an important 
macroscopic parameter correlating the initially subsonic 
combustion wave to the transition from deflagration to 
detonation. It is concluded that the detonation induction 
distance is proportional to the burning velocity raised to some 
empirically determined negative power. 

3 Sonic velocity in unburned gas. The influence of the 
sonic velocity in the unburned gas on the formation of detona- 
tion waves is of importance only to the extent that it affects 
the flame propagation rates in a given gaseous medium. On 
the basis of one-dimensional exothermal wave theory, the 
combustion wave can be regarded as a piston driving a shock 
wave ahead of it. Therefore, the velocity ratio S,/as, which 
is functionally related to the piston velocity as well as to the 
instantaneous shock strength, is selected as a correlation 
parameter affecting the induction distance. 

4 Turbulence. Acceleration of the flame is caused b) 
turbulence in the unburned gas due to viscous effects at the 
wall, the shock-boundary layer interaction, the instability of 


ARS JouRNAL 


~ 
» 
= 
3 
» 
= 
he 
92 
» 
\ 


flame propagation and the nonuniform disturbances caused 
by an abrupt change in conditions. This flame acceleration 
will continue because of the pressure and temperature effects 
on the flame propagation rates as well as further generation 
of turbulence and pressure pulses by the turbulent flame brush 
(6,13). This series of events constitutes an excellent mecha- 
nism to speed up the transition from deflagration to detona- 
tion. Experimental evidence which shows that the flame 
propagation rate does undergo a sharp increase in magnitude 
toward the end of the pre-detonation period supports these 
conclusions. 

In order to establish a qualitative relationship between 
flume turbulence and the detonation induction distance, the 
?eynolds number of the unburned gas flow, based on the nor- 
mal burning velocity and the tube diameter, is chosen as a 
correlation parameter. Although the Reynolds number so de- 
fixed does not account for the generation of turbulent fluctua- 
tions and for the flame distortion during the development of 
d:tonation, it signifies the effects of viscous stress and average 
vy locity on the nature of the flow. Therefore, it must be re- 
girded as an important macroscopic quantity in the transition 
process. 


Results of Correlation 


According to the foregoing discussions, an empirically de- 
termined K function, defined as 


is selected as a correlation parameter to describe the qualita- 
tive behavior of the transition from deflagration to detona- 
tion. The dimensionless temperature ratio 7/7) signifies the 
amount of enthalpy change in a given reaction which affects 
the burning velocity as well as the heat release of the mixture. 
The selection of this parameter has the advantage that its 
evaluation does not require the knowledge of the conditions at 
the detonation state but only that of the conditions of the 


initial state of the subsonic deflagration. Since information 
on the values of burning velocities and adiabatic flame tem- 
peratures for various mixtures over a wide range of pressures 
is rather limited, calculations of K can be carried out only for 
hydrogen-oxygen, methane-oxygen and carbon monoxide- 
oxygen mixtures. The burning velocities for these systems 
were obtained from measurements made by the constant-pres- 
sure bomb method (11). Adiabatic flame temperatures were 
interpolated from the theoretical calculations (14). The re- 
sults are represented graphically by plotting the measured 
detonation induction distances vs. the calculated values of K. 
The detonation induction distances are based on measure- 
ments of the maximum flame propagation rates (2, 3). 
Fig. 3 depicts the functional relationship between the corre- 
lation function K and the measured detonation induction dis- 
tances for hydrogen-oxygen, carbon monoxide-oxygen and 
methane-oxygen systems (3). The calculated values are 
shown in Table 2 of (15). It is seen that a unique relationship 
appears to exist between the correlation function A and the 
detonation induction distances for hydrogen-oxygen and car- 
bon monoxide-oxygen systems irrespective of the change in 
pressure and fuel concentration. However, for methane- 
oxygen mixtures, such a unique relationship does not exist. 
For a 50% methane mixture, the curve shown on the left- 
hand side of Fig. 3 is widely separated from that involving 
other fuel concentrations. Moreover, the order of magnitude 
of K for methane-oxygen mixtures, particularly for fuel-rich 
concentrations, does not agree with that of either the hydro- 
gen-oxygen or the carbon monoxide-oxygen mixtures. 
The deviation of methane-oxygen mixtures from the 
empirical curve cannot be explained on the basis of hydro- 
dynamic-thermodynamic considerations. It is suspected that 
certain ionized particles, which are created at the elevated 
temperature and pressure conditions across the shock dis- 
continuities, trigger the ionization probes before the flame 
arrives. 
The speculation that rather large quantities of ionized 
particles are produced by shock waves traveling through hy- 
drocarbon mixtures is supported by experimental observations. 
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piahon could not a established within a length of 12 ft in the 
larger tube. 

5 Hydrogen-nitric oxide system. It was not possible to 
establish a detonation wave at 1, 5 or 10 atm pressure for 
fuel concentrations of 25, 50 or 75 mol % within 12 ft of 
length in the 50-mm diameter tube. A flame in the 50% fuel 
mixture did accelerate to 450 m/sec at the highest initial pres- 
sure after the 12-ft length had been traversed. 

6 Hydrogen-oxygen-diluent system. Four diluents (nitro- 
gen, helium, argon, and carbon dioxide) were employed in- 
dividually in various concentrations in a stoichiometric hy- 
drogen-oxygen mixture. The experimental data are given in 
Table 8. All diluents increased the length required for a 
detonation to form. Carbon dioxide caused the greatest in- 
crease in induction distance, while the addition of argon re- 
sulted in the least increase for a given mole fraction of 


diluent. 
a 


Based on experimental determinations of the induction dis- 
tances of various combustible gas mixtures at various condi- 
tions, the following four parameters are found to affect the 
induction distance: the heat of combustion, the normal] burn- 
ing velocity, the sonic velocity in the unburned gas and the 
Reynolds number of the unburned gas set in motion by ex- 
pansion of the burned gas. A brief discussion of the role of 
these parameters follows. 

1 Heat of combustion. According to experimental evi- 
dence, systems having high heats of combustion and thus 
producing high flame temperatures in most cases have rela- 
tively short detonation induction distances. However, there 
are exceptions, such as nitric oxide-hydrogen mixtures, for 
which the flame propagation rate is slow and the induction 
distance is long despite their high flame temperatures. There- 
fore, the influence of the heat of combustion or the flame tem- 
perature on the induction distance is probably of importance 
only when it is combined with high flame propagation rates. 


Table 8 Detonation induction distances and detonation 
velocities of hydrogen-oxygen-diluent 


Empirical Correlations 


me 


Molar ~ 
quantity 
of 1 atm initial pressure 5 atm initial pressure 
diluent Detona- Detona- 
added tion tion 
to velocity, Induction velocity, Induction 
H. + 402 meters/ distance, meters/ distance, 
mixture sec —cem— sec —cm—. 
[1] [2] {1} [2] 
2550* 228 234 2485 116 121 
2425 
Ne 2325 244 255 
tHe 3120 185 193 3100 63 76 
+He 3300* 228 240 3245 108 115 
He 3570 210 218 
$Ar 2280 178 180 2215 40 48 
Ar oe 240 244 2140 108 118 
iCO. 2450* 239 242 2370 111 120 
159 302 


1 Initial pressure was 40 C for all experiments. 

estimated 

[1] = induction distance determined from maximum 
propagation rates of flame in mixture 

induction distance determined from average propa- 
gation rates of flame in mixture 


* = 


[2] 


ad 


Table 9 Dimensionless induction distances as a function 
of temperature 

°K T; Pe p2 RT, 

300 330 1.1 1.391 0.791 0.1955 

300 360 1.2 1.849 0.649 0.4245 

300 390 1.3 2.353 0.552 0.6765 

300 420 1.4 2.885 0.485 0.9425 

300 450 1.5 3.436 0.437 1.2180 
300 480 1.6 4.000 0.400 1.5000 
300 510 «1.7 4.572 0.372 1.7860 | 
300 540 1.8 5.150 0.350 2.0750 

300 570 1.9 5.732 0.331 2.3660 

300 600 2.0 6.317 0.317 2.6585 

300 750 2.5 9.269 0.270 4.1345 

300 900 3.0 12.245 0.245 5.6225 

300 1050 3.5 15.198 0.230 7.0990 

300 1200 4.0 18.220 0.220 8.6100 

400 1200 3.0 12.245 0.245 5.6225 

600 1200 2.0 6.317 0.317 2.6585 

800 1200 Ld 3.436 0.437 1.2180 
1000 1200 ie 1.849 0.649 0.4245 
1200 1200 1.0 1.000 1.000 0.0000 | 


A fast burning mixture causes strong 
The 
increased temperature and pressure behind these waves lead 
to higher burning velocities of the gas mixture which produce 


2 Burning velocity. 
compression waves to travel through the unburned gas. 


stronger waves and so on. This cumulative effect will en- 
hance the flame acceleration and therefore the transition from 
deflagration to detonation. It is evident that the flame ac- 
celeration depends on the manner in which the burning 
velocity is affected by the elevated pressure and temperature 
conditions. According to experimental evidence (10,11) the 
burning velocities for low-energy systems (such as fuel-air 
mixtures) remain constant or decrease with increasing pres- 
sure, while those of high-energy systems (such as most fuel- 
oxygen mixtures) increase with increasing pressure. The 
latter phenomenon is frequently accompanied by the genera- 
tion of turbulent flames. On the other hand, it has been 
established experimentally that the burning velocity of a given 
gas mixture generally increases with elevated temperature 
(12). This fact is expected because diffusion of active par- 
ticles, heat transfer and chemical reaction rates increase with 
temperature. 

In summary, the magnitude of burning velocity deter- 
mines the flame acceleration arising from pressure and tem- 
perature effects as well as the generation of turbulence during 
the early stage of development of a detonation wave. There- 
fore, the burning velocity must be considered as an important 
macroscopic parameter correlating the initially subsonic 
combustion wave to the transition from deflagration to 
detonation. It is concluded that the detonation induction 
distance is proportional to the burning velocity raised to some 
empirically determined negative power. 

8 Sonic velocity in unburned gas. The influence of the 
sonic velocity in the unburned gas on the formation of detona- 
tion waves is of importance only to the extent that it affects 
the flame propagation rates in a given gaseous medium. On 
the basis of one-dimensional exothermal wave theory, the 
combustion wave can be regarded as a piston driving a shock 
wave ahead of it. Therefore, the velocity ratio S,/a,, which 
is functionally related to the piston velocity as well as to the 
instantaneous shock strength, is selected as a correlation 
parameter affecting the induction distance. 

4 Turbulence. Acceleration of the flame is caused b) 
turbulence in the unburned gas due to viscous effects at the 
wall, the shock-boundary layer interaction, the instability o! 
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flame propagation and the nonuniform disturbances caused 
by an abrupt change in conditions. This flame acceleration 
will continue because of the pressure and temperature effects 
on the flame propagation rates as well as further generation 
of turbulence and pressure pulses by the turbulent flame brush 
(6,13). This series of events constitutes an excellent mecha- 
nism to speed up the transition from deflagration to detona- 
tion. Experimental evidence which shows that the flame 
propagation rate does undergo a sharp increase in magnitude 
toward the end of the pre-detonation period supports these 
conclusions. 

In order to establish a qualitative relationship between 
flame turbulence and the detonation induction distance, the 
teynolds number of the unburned gas flow, based on the nor- 
nal burning velocity and the tube diameter, is chosen as a 
correlation parameter. Although the Reynolds number so de- 
fined does not account for the generation of turbulent fluctua- 
tions and for the flame distortion during the development of 
detonation, it signifies the effects of viscous stress and average 
velocity on the nature of the flow. Therefore, it must be re- 
garded as an important macroscopic quantity in the transition 
process. 


Kesults of Correlation 


According to the foregoing discussions, an empirically de- 
termined K function, defined as 


is selected as a correlation parameter to describe the qualita- 
tive behavior of the transition from deflagration to detwna- 
tion. The dimensionless temperature ratio 7/7 signifies the 
amount of enthalpy change in a given reaction which affects 
the burning velocity as well as the heat release of the mixture. 
The selection of this parameter has the advantage that its 
evaluation does not require the knowledge of the conditions at 
the detonation state but only that of the conditions of the 


initial state of the subsonic deflagration. Since information 
on the values of burning velocities and adiabatic flame tem- 
peratures for various mixtures over a wide range of pressures 
is rather limited, calculations of K can be carried out only for 
hydrogen-oxygen, methane-oxygen and carbon monoxide- 
oxygen mixtures. The burning velocities for these systems 
were obtained from measurements made by the constant-pres- 
sure bomb method (11). Adiabatic flame temperatures were 
interpolated from the theoretical calculations (14). The re- 
sults are represented graphically by plotting the measured 
detonation induction distances vs. the calculated values of K. 
The detonation induction distances are based on measure- 
ments of the maximum flame propagation rates (2, 3). 

Fig. 3 depicts the functional relationship between the corre- 
lation function K and the measured detonation induction dis- 
tances for hydrogen-oxygen, carbon monoxide-oxygen and 
methane-oxygen systems (3). The calculated values are 
shown in Table 2 of (15). It is seen that a unique relationship 
appears to exist between the correlation function K and the 
detonation induction distances for hydrogen-oxygen and car- 
bon monoxide-oxygen systems irrespective of the change in 
pressure and fuel concentration. However, for methane- 
oxygen mixtures, such a unique relationship does not exist. 
For a 50% methane mixture, the curve shown on the left- 
hand side of Fig. 3 is widely separated from that involving 
other fuel concentrations. Moreover, the order of magnitude 
of AK for methane-oxygen mixtures, particularly for fuel-rich 
concentrations, does not agree with that of either the hydro- 
gen-oxygen or the carbon monoxide-oxygen mixtures. 

The deviation of methane-oxygen mixtures from the 
empirical curve cannot be explained on the basis of hydro- 
dynamic-thermodynamic considerations. It is suspected that 
certain ionized particles, which are created at the elevated 
temperature and pressure conditions across the shock dis- 
continuities, trigger the ionization probes before the flame 
alrives. 

The speculation that rather large quantities of ionized 
particles are produced by shock waves traveling through hy- 


drocarbon mixtures is supported by experimental observations. 
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Fig. 3 Detonation induction distance vs. correlation function K for various mixtures as a function of initial pressure 
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This phenomenon may be due to very low ionization po- 
tentials of certain intermediate products which are produced 
in shock waves (16). O. Stern (16,17) suggested that the 
presence of large carbon particles formed by an aggregate of 
carbon atoms contributes to the increase of ion concentrations 
in flames. The ionization potential of these carbon particles 
may lie between the thermionic work function 3.93 eV and 
the ionization potential 11.3 eV of gaseous carbon. Further- 
more, if the hypothesis made by O. Stern can be accepted 
here, under comparable conditions the ion concentrations for 
rich hydrocarbon flames will be much higher than those for 
lean hydrocarbon, hydrogen, or carbon monoxide flames. 
This assumption is supported by many experimental observa- 
tions (16,17). It is interesting to note from Fig. 3 that the 
detonation induction distance for a rich methane-oxygen mix- 
ture (50% CH,) decreases sharply from the predicted value for 
which the high degree of ionization existing in hydrocarbon 
flames has not been considered. 

Limited experimental results (3) concerning the effect of 
tube diameter on the induction distances indicate that 
the transition process is delayed when a larger ID is 
used. The possible explanation for this phenomenon is that 
as the diameter increases the wall-generated turbulence is 
weaker in the initial transition stage, thereby causing a delay 
in attaining a fully developed turbulent flame. On the other 
hand, if the ID of the tube is too small, the wall 
quenching effect may become significant. In that case, a 
longer detonation induction distance again will result. 


Simplified Calculation of Detonation Induction Distance 


An approximate expression for the detonation induction 
distance can be derived from the classical shock wave theory 
when it is assumed that a shock of sufficient strength is re- 
quired to establish the detonation wave. The shock can be 
thought to result from the motion of a piston forced into the 
combustible gas mixture at a rapidly increasing speed. 

When 7 is the induction period required to establish the 
detonation wave, the distance traversed by the wave can be 


written as 
= 


0 1 — (p;/pe) 


The density ratio p;/p2 and the flame velocity, which is repre- 
sented by the piston velocity U,,a re functions of time. We 
can write 


= ff [2] 


where a, is the flame acceleration. To facilitate the integra- 
tion of Eq. 1, the following simple relationships will be used 
a; = pi/ peo = 1— Bt" 

where A, B, m and n must be estimated or approximated 
experimentally. According to Eq. 2 the flame propagation 
rate attained by the mixture at the end of the induction 
period is 


Then the induction distance can be written as 


n—m+2 
A (n+ 1)U;* nt+1 


When chemical changes are considered only to the extent of 
selecting proper average values for the molecular weight and 
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the specific heats of the gas mixture, we have from the normal 


shock relations 
pe 


where 


_ 
p2 pe 
For n = 0 the induction becomes 


Table 9 contains an evaluation of this equation. The 
physical significance of J. for the induction distance must be 
established experimentally. It is probably related to the ig- 
nition temperature of the gas mixture. 

It is interesting to note that Eq. 4 gives an induction dis- 
tance which is inversely proportional to the molecular weight 
of the unburned gas. It is also inversely proportional to the 
initia] temperature 7’, of the unreacted gas if J, and the flame 
acceleration ay are independent of 7. Experimentally it 
was found, however, that the induction distance increases 
when the initial temperature of the combustible mixture is 
raised. The reason for this behavior is not clear. 

Based on observed induction periods of 10~* sec, the flame 
acceleration as calculated by the simplified method given 
above becomes 10’ ft/sec?. This value is in agreement with 


experimental determinations (18) 
a 

Nomenclature 

ay = speed of sound in unburned gas mixture 

ay = flame acceleration 

A, B = constants 

k = ratio of specific heat at constant pressure to that at 

constant volume 

K = empirically determined function 

m,n = constants 

= absolute pressure 

R = specific gas constant 

Rey = Reynolds number based on unburned gas conditions 

Bis = burning velocity of gas mixture : 

t = time 

= absolute temperature 

Uy; = instantaneous flame velocity — 

U,* = flame velocity at end of induction period 

Le = distance traversed by flame front 

p = density 

T = induction period of detonation wave 

Subscripts 

1 = initial state of gas 

2 = state of gas behind steady-state detonation wave 
ob = conditions before detonation wave in unburned gas 
ae = conditions in combustion wave 


i = initial — 


“A Six Channel, Ten-Megacycle Chronograph for 
11th Annual ISA Conference, N. Y. 
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be made. 


HOCK sensitivity tests carried out in this Laboratory 

during the past year have confirmed the solid propellant 
detonability results that were reported previously (1)? and 
that are briefly summarized at the end of this paper. While 
the general picture remains unchanged, a large amount of 
supplementary information which allows more quantitative 
interpretation of the gap test results has been obtained. 
It is the purpose of this paper to summarize such information 
and to apply it to various practical situations. 
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nd applies it to a more quantitative interpretation 


tion a 


of shock sensitivity (gap) test values than previously available. It was found that a go in this test 
means that the witness plate is subjected to a shockwave of 95 kbar pressure or more; a no go at zero 
gap for high energy explosives and propellants most probably occurs because of the physical condition 
of the test material. Sensitivity ordering by shock amplitude at the end of the gap was found to be 
the same as that obtained from induced pressures in ten materials for which the comparison could 


NOL Gap Test Configuration _ 


Fig. 1 illustrates the standard assembly for the U. S. Naval 
Ordance Laboratory (NOL) gap test. Its most important 
features are: a 5.08-cm length of pressed tetryl (o9 = 1.51 
g/cc) to supply the shock; Lucite, or the equivalent cellulose 
acetate, as the shock attenuator; a moderately confined ac- 
ceptor charge of 3.66-cm diameter by 13.97-cm length; and a 
mild steel witness plate 0.952-cem thick. The criterion of 
“detonation” used is the punching of a hole in the witness 
plate. The measure of charge sensitivity is the length of 
attenuator (gap length) at which there is 50% probability 
of detonation according to the above criterion. 
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Calibration of the Gap Test 


Measurement of shock velocity in Lucite under the shock 
loading provided by two tetry] pellets (Fig. 1) combined with 
the equation of state data for Lucite and the general relation- 
ships of hydrodynamic theory permit calibration of the gap 
test to obtain shock amplitude (pressure) as a function of 
distance traveled through the attenuator for the configura- 
tion of Fig. 1. Such a calibration has been made (2); its 
results can be most simply presented for Lucite of a density 
of approximately 1.18 g/cc as 


U = 2.588 + 1.514 u [1] 


where U is the shock velocity and wu is the particle velocity 
in Lucite; both are expressed in mm/ysec. Eq. 1 has 
been extrapolated for a very short distance, and was used 
rather than other possible relations because its linearity 
simplified such extrapolation. From Eq. 1 and the hydro- 
dynamic relationship derived from the conservation of 


where P is pressure (kbar X 1071) and pp (g/cc) is the initial 
density, it is possible to obtain the nonlinear pressure-particle 
velocity curve for Lucite. This curve is generally called the 
Hugoniot adiabat or the equation of state. The more 
familiar pressure-compressibility curve 


P = P( p/p) 


can be obtained by combining Eqs. 1 and 2 with the hydro- 
dynamic relation 
1 Po | 
p 


[3] 


It is more customary as well as more convenient to work witha 
P-u curve than with a P-p curve because boundary conditions 
for reflection and transmission of shockwaves at the interface 


Fig. 1 
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Charge assembly and dimensions for NOL gap test 


~ toa 2.54 em thickness of Lucite) resulted in a 50% probability 


onal 


between two different materials require that pressure P and 
particle velocity u must be equal on each side of the boundary. 
The convenience will be illustrated in an application in a 
later section. 

Eqs. 2 and 3 are applicable to any material under shock 
conditions, and Eq. 1 is the general equation for shocked 
Lucite. The relationship between shock pressure and dis- 
tance of travel, restricted to Lucite in this experiment, is 

P = 105 x = 20mm [4 | 
where x is the thickness of Lucite through which the shoc: 
has traveled. Eq. 4 is an approximation good to about 5% i 
the pressure. For more accurate values and for gap thicknes: 
less than 20 mm, the tabulation or graph of (2) must be used. 


Use of Shock Amplitude 
to Define Shock 


The effects of shocking a material are undoubtedly cause: 
by the pressure loading of the material, i.e., to the shape o: 
the pressure-time profile of the shockwave. In the absence o 
quantitative information about the nature of this profile anc 
for simplicity of presentation, the discussion below will b« 
presented as if the amplitude alone fully defined the shock 
This is equivalent to assuming that in the systems considered 
(a condensed medium such as Lucite or brass shocked by 
detonation of an organic explosive such as tetryl or Comp B) 
the impulse is a uniformly varying function of the amplitude 
There is some slight experimental evidence that this may be 
the case for decaying shocks. 

Study of shockwave pressure-time profiles and their effects 
on shock sensitivity are now being carried out at NOL and 
other laboratories. Results will not be available for some 
time. Meanwhile, the simplification of describing the shock- 
wave by its maximum pressure has been adopted, but it will be 
re-examined as more information becomes available. 


Meaning of a Go According a4) 
to Test Criterion 1. 


The criterion for a go in the gap test of Fig. 1 is s pune Nias a 
hole through the witness plate. It was found that the tetryl 
loading attenuated by 100 cellulose acetate cards (equivalent 


of punching such a hole. This gap thickness corresponds to a 
pressure of 43 kbar at the end of the gap. To determine the 
pressure transmitted into the plate, the Hugoniots of iron (3) 
and of Lucite (Eqs. 1 and 2) are used. Fig. 2 illustrates the 
customary method (3). When the shock reaches the inter- 
face, Lucite-iron, its P-w values are 43 kbar and 0.91 mm/ysec 

respectively or point (a) of Fig. 2. At the interface a re- 
flected shock (dashed line) is sent back into the Lucite; 
this raises the pressure and particle velocity to the values at 
point (b) which are also the values for the shock transmitted 
into the iron. The necessary pressure to punch the hole in 
the witness plate is thus found to be 95 kbar. Hence a go, by 


this criterion, means that the explosive reaction has been 


sufficiently vigorous to develop a shockwave of 95 kbar or 
greater strength in the witness plate. In contrast to the 
inert Lucite, a reacting material may load the plate not only 


- by shock but also by high pressure gas reaction products; this 
is considered later. 
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(MILD STEEL) | 
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It should be noted that a go does not necessarily signify high 
order detonation which is the steady-state maximum rate for 
the given material in the geometry of Fig. 1. It has been 
found (4) by the wedge technique that cast TNT (pp = 1.58) 
exhibited a constant velocity of 5.23 mm/usec instead of the 
expected 6.7-6.8. A similar low velocity at the 50% point 
has been observed by the continuous wire method (5). It 
follows that TNT explodes with sufficient violence to puncture 
the plate without detonating. By applying the usual 
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boundary approximation (2) between cast TNT and iron “a 
using the limit of 95 kbar as necessary for puncture, it is 
evident that the TNT reaction develops at least 58 kbar 
pressure. Since the separation between the end of the 


*k acceptor and the witness plate (0.159 cm) was neglected in this 
“d calculation, the estimate of 58 kbar is a lower limit; the 
B- actual pressure required for plate puncture would be some- 


what higher. 

On the other hand, it is possible for a borderline material 
i] such as ammonium perchlorate (AP) to exhibit its steady- 
: state maximum rate and still not produce a plate puncture. 
Fo: example, AP of an average particle size of 25 uw and a 
loading density of 1.23 g/ce exhibited a no go. It is possible 
thst 3.66 em is just below the critical diameter (7) for this 


mum rate 4.32 mm/ysec (see 7), was achieved. Again, by 
the boundary approximation (not a very good one in this case 
since the AP is highly compressible), the unpunctured plate _ 
indicates that less than 54.2 kbar (again, a lower limit) | 
i pressure was developed in the AP. The computed detonation — 
} pressure (7) for this AP is the 54.4 kbar. At lower loading 
L densities, the situation is even more clear-cut. 

While various charges of AP tested in the geometry of Fig. 1 

| dic not puncture the plate, they did make it bulge. In fact, the 
hump formed increased in size as the loading density of the 
charge decreased; the largest hump or bulge was of about the 
same size as that obtained without a charge present, i.e., with 
only airin the acceptor tube. Early in the development of the 
gay) test, formation of a bulge in the witness plate was used as a 
criterion of a go. It was soon replaced by the present 
criterion which is a far more satisfactory one. The behavior 
of an air acceptor, however, casts some light on the inadequacy 
of bulge formation as a criterion. 

The witness plate bulge obtained with an air-filled tube 
and zero gap is caused by the loading produced by the gaseous 
detonation products of tetryl, not by the air shock. This is 
easy to show by firing with water in the tube instead of air; 
in this case the plate is undamaged. The shocks produced by 
the detonation of tetry] in air and in water are about 0.5 kbar 
and 16.5 kbar, respectively. With no attenuation, these 
would create less than 4 kbar (8 X 0.5—the maximum reflec- 
tion coefficient of 8 is for air with a heat capacity ratio of 1.4) 
and 38 kbar, respectively, in the plate. Consequently any 
shockwave damage would be greater from the water than from 
the air. It follows that loading the plate by the detonation 
products, which are stopped by water or any other inert con- 
densed medium, causes the plate bulge (the same factor, 
incidentally, must be responsible for initiation across an air- 
gap). In the case of very low density, porous acceptors, 
zero gap tests that produce a bulge may do so because of the 
action of the tetryl products on the plate, because of a de- 
composition of the charge to produce high pressure products, 
or because of a combination of these two factors. The bulge 
is, therefore, very difficult to interpret quantitatively. 


Approximation of Pressure in Charge - 


by Pressure in Lucite 


Determining the shock pressure in the acceptor charge 
from the shock pressure in the Lucite at the end of the gap isa 
problem identical in principle to that solved in Fig. 2. The 
significant practical difference is that the P-u curves for cast 
or extruded charges lie close to the P-u curve for Lucite, 
though still above it. It is to be expected, therefore, that the 
initiating shock pressure will be somewhat larger than the 
pressure at the end of the 50% gap. 

A quantitative determination of the initiating pressure re- 
quires either equation of state data or shock velocity data of 
the solid charge material. In general, these data are not 


_ “It is of interest that the rate of 5.23 mm/ysec is that expected 
for TNT at a loading density of 1.02 g/cc. The measured 
detonation pressure at po = 1.00 is §4 kbar (6). 
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saiiple, but for this illustration it is assumed that the my 
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Fig. 2 Determination of shock pressure in witness plate 
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available, and the shock pressure at the end of the Lucite gap 
is used to give a rating that is assumed to be a good approxima- 
tion to that which would be given by the true initiating pres- 


sures. 


Recently, equation of state data for unreacted TNT have 


been published (8).° 


These together with pressures induced 


in different explosives by the same shock loading (9)® permit a 


test of the assumption. 
pressure at the end of the 


charge for six cast and three pressed high explosives. 


Fig. 3 shows a comparison of the 
Lucite gap with the pressure in the 
There 


is no reversal in the sensitivity ordering although the initiating 
pressures are 16-30% higher than the corresponding Lucite 


pressures. 


The assumption that the latter will give a correct 


sensitivity ordering for dense charges seems justified. 


Meaning of No Go at Zero Gap According 


to Test Criterion 


High energy propellants and explosives would be expected 


to detonate under appropriate conditions. 


for the test configuration 
three possibilities: 


Failure or no go 
of Fig. 1 might result from one of 


1 The material, in the form tested, is detonable but its 
critical diameter for detonation is greater than 3.66 cm in the 


confinement of Fig. 1 


2 The material, in the form tested, is detonable but it re- 
quires stronger boostering than that effected by the tetry] of 


the standardized test. 


3 The material, in the form tested, is not detonable, i.e., a 
critical diameter does not exist for that physical form. 
The critical diameter is that diameter below which detona- 


tion cannot be propagated. 


Obviously, this diameter must be 


exceeded before a go can be obtained. The test diameter of 
3.66 cm and moderate confinement, which makes the effective 
diameter somewhat greater than 3.66 cm, is a very generous 


allowance on this score. 


Recent measurements of critical 


diameter for nine cast explosives gave values of 0.4-2.69 cm 


5In this reference, there was a discrepancy between the 
tabulated U-u data and the analytical expression relating them. 
For the present work, the tabulated data were used; they were 
found to fit the relation U = 3.045 + 1.3193 u. 

6 Revision of the data in (4) was made by use of recently 
measured, more accurate surface velocities (11). 
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Fig. 3 Comparison of shock loading at 50% point with initial 
pressure in charge 


(10). Of the four pressed explosives studied, the maximum 
critical diameter was 1.3 cm (11). Even ammonium per- 
chlorate, not of itself a high energy material, exhibits a critical 
diameter of only 1.63 cm when particle size and density are 
sufficiently low (7). It is, therefore, very unlikely that this 
factor is responsible for a no go. 

While it is conceivable that the tetryl would be too weak a 
booster for some materials, in the several cases where tetry] 
was replaced with a more powerful booster the result was still 
ano go. This, too, is regarded as an unlikely cause for the 
charge failure. 

By far the most likely cause of a no go for a high energy 
propellant or explosive in this standard test is that the 
physical form of the test material makes shock initiation very 
difficult or impossible. The major influence of physical 
properties is well known. For example, pressed TNT can be 
detonated by an initiating shock of 23 kbar, cast TNT ex- 
plodes with an initiating pressure of 37 kbar and liquid TNT 
can support shocks as strong as 110 kbar without showing 
evidence of chemical decomposition (12). Pressed nitro- 
guanidine (25% voids) has a gap test value of 3.56 cm; 
pressed nitroguanidine (4.5% voids) cannot be detonated in a 
5.08-cm diameter with 1.27-cm thick wall confinement and 
with a booster of 50% greater detonation pressure than that of 
tetryl (13). Finally, composite propellants (AP/organic 
binder’? or AP/organic binder/Al) will not detonate in the 
form produced by the manufacturers but will exhibit a go 
after about 10% connected voids have been introduced into 
the material (1). 

On the basis of such information and of the discussion 
above, it is concluded that a no go in the standard test is a 
very strong indication that the material is not detonable 
in the physical form and at the temperature used for testing. 
High probability of nondetonability does not mean that the 


_ PRESSURE AT END OF LUCITE © 


detonation of sitiesiititins (4. 5% voids) « or of composite 
propellant (manufacturer’s density) is impossible. It does 
mean that a higher initiating shock strength than 85 kbar or 
a larger effective diameter than that of Fig. 1, or both, will be 
required to detonate these materials if they are detonable :t 
all. 

In addition to the guidance offered by the go—no go testiig 
described above, additional information useful in selectiig 
propellants for various applications is provided by Macek’s 
studies of the transition from burning to detonation (14). 
He found that the burnt gas products must produce a pressure 
of such a rapidly increasing rate as to form a shock; the sho: k 
then initiates the unburned material. Initiation by shock, . s 
in the go—no go testing, is a limiting case of transition fro: 
burning to detonation. Macek found that a rapidly accelera:- 
ing pressure rise to 32 kbar was necessary to effect transitic. 
to detonation in his experimental configuration with tv» 
relatively shock sensitive high explosives. It is questionab e 
that the much less sensitive propellants can burn in such a 
manner as to produce the very high time rate of change f 
pressure of the gas products or the maximum boundary 
pressure required for detonation provided they are examine | 
in the small diameter and high confinement of Macek’s exper.- 
ment. The burning of large grain propellants is a very 
different matter in that there is a large possibility of change of 
physical state, e.g., thermal or mechanical fracture to expose 
new surfaces for reaction. If this should occur, the shattered 
propellant may well be detonable (see results for porous pro- 
pellant below). No large scale test of detonability can give 
any information about the probability of such a physical 
change in the propellant during burning; other testing pro- 
cedures must be devised to obtain that information. 


Summary of Propellant Shock 
Sensitivity Behavior 


All of the test results obtained at NOL by testing pro- 
pellants in the configuration of Fig. 1 are summarized in 
Table 1. 


Conclusions 


The chief conclusions which can be drawn about the NOL 
shock sensitivity test in view of our present information arc: 

1 A go means that a shockwave of 95 kbar or greater was 
transmitted to the witness plate; it does not necessarily mean 
high order detonation of the test charge. 

2 A no go at zero gap for high energy propellants and 
explosives is a strong indication that the material is not 
detonable in the physical state (particle size, porosity, and 
temperature) in which it is tested. 


_ Table 1 Shock sensitivities at 25 C 
Loading pressure 
at 50% point, 
Propellant Physical state kbar 
composites as received, non- no go 
porous 
double-base as received, non- 80-47 
porous 
composite plus as received, non- 69-58 
17-18% porous 
H.E. 
composite shredded and 11-7 
pressed, 16- 
22% con- 
nected pores 
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3 Sensitivity rating by shock amplitude at the end of the 
gap gives the same ordering as that by shock amplitude in the 
charge for the ten explosives for which Hugoniot data are 
available. 

1. 
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The mechanical properties of rubberlike composite propellants and similar filled elastomers are 
determined largely by the volume fraction of filler, the viscoelastic properties of the binder, and the 
interactions between the binder and filler particles. The ratio of the quasi-equilibrium modulus 
of the composite to that for the unfilled elastomer increases with the volume fraction of the filler, 
apparently according to an equation of the form proposed by Eilers and Van Dyck. However, the 
same ratio for the dynamic storage modulus decreases as the frequency is increased or the tempera- 
The time-dependent tensile properties can be characterized by stress-strain 
curves measured at different strain rates and temperatures. Both the small deformation and ulti- 
mate properties can be represented by master curves, which are functions only of the experimental 
time scale, along with a temperature function which is a near-universal function of the glass tem- 
perature. Propellants under constant loads initially exhibit creep which is qualitatively similar 
to that of unfilled elastomers, but subsequently dewetting of the filler particles may begin and this 
causes the deformation to increase exponentially with time. A discussion is given of the use of 
Poisson’s ratio, defined in terms of Hencky strain and measured as a function of extension, to 
indicate the initiation of dewetting and the subsequent volume increase. 
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BRIEF description of certain methods for preparing and 

using composite propellants has been given previously 
(1)‘ along with a qualitative discussion of the mechanical 
properties required of cast-in-place case-bonded propellant 
grains. The paper indicated that the most important me- 
chanical property required of propellants for case-bonded 
grains is a relatively large ultimate elongation over a range 
of temperature and strain rate or experimental time scale. 
Moreover, the propellant grain must not creep excessively 
during motor storage, and the grain must not crack or deform 
excessively under flight acceleration forces. 

A discussion was also given of certain factors that must be 
considered in selecting new elastomeric binders for com- 
posite propellants and in attempting to improve the proper- 
ties of propellants under development. Consideration was 
given to ballistic and mechanical property requirements and 
to problems associated with propellant preparation and stor- 
age stability. Finally, the properties desired of an ideal 
elastomeric binder were presented, as were certain qualitative 
relations between the mechanical properties of unfilled binders 
and propellants. 

This paper discusses in more detail the mechanical proper- 
ties of composite propellants and similar filled elastomers. 
The properties of such materials depend largely on the volume 
fraction of filler, the viscoelastic properties of the binder, 
and the interactions between the binder and filler particles. 
Thus, a discussion will first be given of the effect of filler 
concentration on the quasi-equilibrium modulus, the dynamic 
storage modulus, and the glass temperature of filled elasto- 
mers. Next, a quantitative treatment will be given of the 
strain-rate and temperature dependence of both the small 
deformation and ultimate tensile properties of certain types 
of propellants. For certain types of materials, it has been 
found that a change in strain rate is equivalent to a tempera- 
ture change and that mechanical properties over a wide range 
of strain rate and temperature can be predicted from limited 
experimental data. Consideration is also given to the creep 
of propellants under constant load and how the creep proper- 
ties of propellants compare with those for unfilled elastomers. 
Finally, the influence on mechanical properties of adhesion 
between the binder and filler particles is considered. Data 
are presented which deal with the dewetting and concomitant 
volume increase that occurs as a tensile specimen is stretched. 


Effect of Filler Concentration on Properties a 
of Composites 


The modulus of an elastomer is increased by the addition 
of rigid filler particles, provided the elastomer wets or adheres 
to the filler. In order to see qualitatively why the modulus 
is increased by the filler, consider a unit cube of a composite 
whose volume fraction of filler is g. Next imagine that the 
rubber and filler are separated and that all of the filler is 
placed at one end of the cube and fused into a solid mass. 
The solid mass of filler now has a unit cross-sectional area and 
a length ¢ while the unfilled rubber section likewise has a 
unit cross-sectional area but a length 1 — gy. When a tensile 
stress S is applied perpendicular to the end of the cube, the 
tensile strain e produced in the rubber equals S/Eo, where Ey 
is the modulus of the unfilled rubber. The increase in length 
of the rubber is e(1 — ¢), provided that the filler material is 
infinitely rigid compared with the rubber. This increase in 
length is also the total increase in length of the cube, so that 
the overall strain produced in the cube is e(1 — yg). Thus, 


* Numbers in parentheses indicate References at end of paper. 

5 The filler particles discussed in this paper are considered to 
be either oxidizer particles or particles of somewhat similar size. 
— articles, which have diameters roughly in the range of 5 

M, normally are wet by but do not react with the elas- 


the observed modulus £ for the cube is 


= — 


¢) 
or 


[la] 


Although this equation was derived under the simpl:st 
possible assumptions, it is similar in form to more exact equa- 
tions that have been proposed. Perhaps the best known 
equation is that of Guth (2) and Smallwood (3) which is 


=1+2.5¢ + 14.1¢? {2] 

Ey 

This equation is of limited applicability, although it occ.- 

sionally fits experimental data for composites. From a 

cursory examination of a small amount of data, an equation of 

the type proposed by Eilers (4) and Van Dyck appears to |e 
considerably more satisfactory than Eq. 2 and is 


ke 3 


where k and S’ may be considered as empirical daiditints. 
However, this equation is of the same form as that proposed 
on theoretical and empirical grounds by Maron and Belner 
(5) to describe the viscosity-filler relationship for suspensions 
of spherical particles. As stated by Robinson (6), 24 will be 
about 2.5, the Einstein viscosity constant, and S’ can be 
interpreted as a relative sedimentation volume. That is, 
1/S’ is the volume fraction of the solid in the sediment after 
the suspension has settled. Therefore, 1/S’ is the maximum 
attainable value of g; at higher particle concentrations, there 
will not be enough liquid to fill all the spaces among the 
particles when they are in their closest packed array. Robin- 
son (6) found rather good agreement between sedimentation 
volumes calculated from viscosity data and those actually 
measured. 


Equilibrium Modulus 


The variation of the modulus with filler content is shown 


4 a. in Fig. 1, where log E/E is plotted against ¢ using data ob- 


tained on four different filled systems. These systems are: 
the National Bureau of Standards polyisobutylene filled with 
8.7, 20.3, and 36.7% by volume of glass beads about 40 yu 
in diameter; two castable polyurethane rubbers containing 
54% by volume of similar glass beads; propellant A con- 
taining 55, 61 and 68% solids by volume; and propellant B 
containing 38, 43, 48, 53 and 59% solids by volume (the data 
on propellant B were reported by Blatz (7)). Propellant B 
contains a type of polymeric binder different from that of pro- 
pellant A. 

The modulus values for the PIB glass bead system were 
measured under dynamic conditions, as discussed subse- 
quently, and the values for propellant B were measured under 
creep conditions. The other systems were tested using the 
Instron tester and the modulus values were evaluated as the 
initial slope of the stress-strain curves. The conditions for 
all of these measurements were such that the moduli are be- 
lieved to be close to their equilibrium values. 

The solid line in Fig. 1 is Eq. 3 with k = 1.25 and S’ = 
1.20, and the dotted line is the Guth-Smallwood equation. 
Values of Ep for propellants in series A and B were empirically 
chosen to give the best fit to Eq. 3, and such values (102 and 


® There is a formal analogy between viscosity-filler effects anc 
modulus-filler effects, and equations derived for the former 
system should be applicable to the latter when the viscosity 7 is 
replacedbyE. 
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propellants. It appears that Eq. 3 fits the data very well 
and that the Guth-Smallwood equation is approximately 


correct for volume fractions less than 0.4, but is quite unsatis- _ 


factory for larger volume fractions of filler. 


Dynamic Modulus 


The dynamic shear modulus for the glass bead PIB com- 
posites mentioned previously was studied in the rubber-to- 
giiss transition zone using a Fitzgerald (8) transducer appa- 
ratus, manufactured by Atlantic Research Corp., Alexandria, 


Va. This apparatus subjects a sample to a small, sinusoidally — 
varying shear strain and gives the real and imaginary com-— 


ponents of the complex shear modulus, G* = G’ + iG’; 
G’ and G@” are also called the storage modulus and loss modu- 
lus, respectively. Measurements were made at frequencies 
between 24 and 6000 cps and at temperatures between —45 
and 70C, and the results are discussed in detail elsewhere (9). 

The data measured at different temperatures could be 
superposed to give composite curves which show the fre- 
quency dependence over an extended frequency range. The 
temperature-shift factors ar required to superpose the data 
were the same for both G’ and G”, so that time-temperature 
superposition is valid within the experimental accuracy 
(about + 5%), at least for volumetric loadings up to 36.7%. 
Moreover, at equal values of T — T,, where T is the test 
temperature and 7, the glass temperature, the ar values 
were identical with those for pure PIB. The presence of 8.7, 
20.3 and 36.7% beads seems to increase 7’, by about 2, 5 and 
7 C, respectively. 

An increase in the amount of filler produces a twofold effect 
on the modulus curves: a progressive increase in the modu- 
lus; and a progressive broadening of the curves. Fig. 2 
shows both G’ and G@” reduced to a standard-state tempera- 
ture T, + 97 and to a standard-state concentration which 
equals the density of the composite at the standard-state 
temperature. At high reduced frequencies (war & 10° sec), 
the increase of G’ and G” with filler concentration is due pri- 
marily to the reduced amount of rubber per unit volume. | 
When G’ and G” are divided by the volume fraction of rubber, — 
the curves for the several composites become nearly identical | 
at the high frequencies, although they still diverge at the low | 
frequencies. This divergence has been interpreted as re- 
sulting from the partial immobilization of portions of the 
polymer chain by adhesion. Alternatively, the changes in 
modulus with filler content at the low frequency end of the 
transition zone can be interpreted as a reinforcement. The 
degree of reinforcement is predicted quite accurately by either 
the Guth-Smallwood equation or by Eq. 3. 


Glass-Transition Temperature T', 


For a propellant to retain its rubbery nature at low tem- 
peratures, the binder must have a low glass temperature. 
Apart from this qualitative observation, 7’, is required for the 
calculation of the change in experimental time scale which 
is equivalent to a given temperature change. (The equation 
for this calculation will be discussed subsequently.) More- 
over, the mechanical properties of rubbers and propellants 
having different 7’, values should be compared not at the same 
temperatures but at the same values of T — T,. 

In polymer physics, 7, is somewhat analogous to the 
critical temperature 7, for gases. Reduced equations of state 
for gases often involve 7'/T.., because changes in this ratio 
affect all gases about equally. Similarly, comparison of the 
mechanical properties of polymers should be made at equal 
values of JT — T,, since at such temperatures different amor- 
ohous polymers are in corresponding states. As an illustra- 
tion, Fig. 3 shows the temperature dependence of the tensile 
strength and ultimate elongation of four polyurethane elas- 
tomers whose glass temperatures vary from —67.5 to —17 
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146 psi) are quite reasonable for the binders used in these — 
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Polyisobutylene 
: with glass beads | 134 | 194 
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Equation (3) 


&, for these systems | 


dynes/cm* | 
| 


9 Polyurethane (TMP) 
with glass beads | 106 | 154 
Polyurethane (TDA) 


Equation (2) 


uP with glass beads | 109 158 

© Propeliant A 70 | 102” 
| 
| @ Propellant B 101 | 1467 
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Fig.2 Reduced storage modulus G’, and reduced loss modulus 
G",. at corresponding temperatures (7, + 97 C) plotted against 


reduced frequency 
~ 


C. (These values of 7, were obtained from measurements 
of the linear thermal expansion coefficient, using a rate of 
temperature change of 0.3 deg C/min or less.) When these 
data are plotted against 7 — T,, as shown in Fig. 4, single 
curves are obtained; this reduction shows that the elastomers 
have the same ultimate properties when in corresponding 
temperature states. 

In general it appears that filler increases the 7’, of an elas- 
tomeric birder (10). The glass temperatures for a series of 
composites having a polyurethane binder and 0 to 70 volume 
% filler are shown in Fig. 5, plotted as AT, vs. volume % 
filler ¢, where AT, is the increase in glass temperature pro- 
duced by the filler. The estimated values of AT, for the 
PIB glass bead composites are also shown, and these values 
agree within experimental error with those directly measured 
for the polyurethane composites. It appears that TJ, in- 
creases linearly with g, this increase probably being due in 
part to the immobilization by adsorption of the polymer 
segments close to the surface of the filler particles. 
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Time and Temperature Dependence of the 
Tensile Properties 
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Fig. 4 Data of Fig. 3 plotted vs. 7 — T, 


The tensile properties described will be those observed 
under either constant strain rates or constant Joads. 


for polyurethane elastomers made with various diisocyanates 


4 POLYURETHANE 
COMPOSITE 
@ POLYISOBUTYLENE 


 Strain-Rate Dependence 


The tensile data were measured at constant crosshead 
speeds using an Instron tester. Under the test conditions, 
a constant crosshead speed is closely equivalent to a constart 
strain rate. A typical stress-strain curve for a composite 

propellant is shown in Fig. 6. As illustrated, the stress 
rather commonly passes through a maximum and then de- 
creases appreciably before the specimen breaks. Howeve:, 
at high or low temperatures, samples tend to break at the 
~ maximum stress. The important quantities obtained from 
a stress-strain curve are the tensile strength S,, (the maximum 
nominal stress), the strain at maximum stress em, and th» 
_ modulus £, defined here as the initial slope of the stress-strai 
-eurve. In addition, the stress and strain at break can b 
_ determined, but these quantities are not normally used sinc: 
the propellant is in an unstable condition for strains great: 
than e,. (Actually, the propellant is often in an unstab! 
state for strains somewhat less than e,,.) Thus, the quanti 
ties S,, and em will be considered to represent the ultimat 
tensile properties, although strictly speaking they are not 
As might be expected from the viscoelastic nature of th 


binder, the shape of the stress-strain curve is markedly in 
fluenced by both strain rate and temperature. The strain 
Ap, _ maximum stress e, and the tensile strength S,, vary with: 


a the strain rate R and temperature, as illustrated in Figs. 7 


: Z and 8 for one composite propellant. The mechanical proper- 
> ties of this propellant are relatively poor and are shown here 
— 
2 

20 40 60 80 

TEMPERATURE, °C 
Fig.3 Tensile strength and ultimate elongation vs. temperature - 
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Fig. 5 Increase in glass temperature produced by fillers 
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Fig. 6 Typical stress-strain curve for a composite propellant 
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only as an example. These data were measured using an 
Instron tester at five crosshead speeds between 0.05 and 10 
in./min, which gave strain rates between 3.08 K 1074 and 
6.18 X 10-2 sec—! (0.0185 and 3.7 min~'), an at nine tem- 
peratures between —60 and 160 F. The values of the con- 
stant A in Figs. 7 and 8 are arbitrary and are used only to 
shift the curves along the abscissa for clarity. 

Fig. 7 shows that at temperatures below 20 F, e,, decreases 
with increasing strain rate, but at temperatures above 20 F, 
e,, increases with increasing strain rate. At 20 F, e, passes 
through a maximum with increasing strain rate. Fig. 8 
shows the tensile strength plotted as log S,,T/T vs. log 1/R, 
where S,, is the tensile strength in psi, 7’) is 298 K, and T is 
tle absolute temperature of measurement. Although always 
rvlatively small, the factor T>/T is used because, according 
t» the statistical theory of rubberlike elasticity, the elastic 
retractive forces in an elastomer are proportional to the ab- 
solute temperature. 

From many studies of the small deformation viscoelastic 
; roperties of amorphous elastomers and their solutions at 
temperatures above T7,,, it has been found that a change in 
the experimental time scale is equivalent to some tempera- 
ture change (11-13). That is, data measured over a limited 
time scale at a series of temperatures can be combined to give 
: master curve which represents the behavior of the material 
at some selected temperature but over an extended time scale. 

To relate time to temperature, a dimensionless factor ar is 


defi d 


where tr is the time required to observe some phenomenon 
at temperature 7’, and & is the time required to observe the 
same phenomenon at a reference temperature 7. For 
example, in stress-relaxation experiments, tr and f are the 
times required at temperature 7 and reference temperature 
To, respectively, for the initial stress to decrease the same 
amount; i.e., for S(t)/So to attain some definite value, where 
S(t) is the stress at time ¢, and S) is the initial stress. In 
creep experiments, tr and f& are the times required for the strain 
to increase the same amount under the same constant load; 
i.e., for e(t)/e to attain some definite value, where e(t) is the 
strain at time ¢, and ép is the initial strain. 

Similarly, a7 can be defined in terms of the strain rate R as 


ar = Ro/Rr [5] 


where Ro is the strain rate at temperature 7) which produces 
the identical effect as some other strain rate Rr does at tem- 
perature 7’. Thus, a7 is obtained experimentally as the shift 
factor required to superpose the various line segments of 
data, each different segment being measured at a constant 
temperature. [To superpose stress-strain curves, a different 
procedure is required. This procedure has been discussed 
and tested by Smith (14).] 

Several years ago, it was found by Williams, Landel and 
Ferry (WLF) (15) that for a large number of polymer systems 
ar is given by 


= 


log ar = 


where C; = 8.86, Cz = 101.6, and 7, is a standard reference 
temperature chosen empirically for each system to give the 
best fit to experimental values of a7. The values of C; and 
C2 are near-universal values, although they do vary slightly 
with the nature of the polymer system (16). 

With the preceding numerical values of C, and C., T’,, is 
found to be approximately 50 C above 7. If it is as- 
sumed that T, — T, = 50 C, then Eq. 6 can be written as 


—17.44 (T — T,) 
516+ — fT, 


log ar = 
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Fig. 7 Strain-rate dependence of strain at maximum stress for 
a propellant at a series of temperatures 
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Fig.8 Strain-rate dependence of tensile strength for a propellant 
at a series of temperatures 


Within the precision required for the present purposes, this 
equation can probably be considered a universal equation. 
It has been found that Eq. 6 or Eq. 7 gives the temperature 
dependence of the ultimate properties of an unfilled GR-S 
rubber (17) and also of certain composite propellants. To 
obtain experimental values of log a7, the ultimate property 
data in Figs. 7 and 8 were shifted along the abscissa to give 
superposition. Values of a7 were also obtained by super- 
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(14) for this procedure.] 


WLF equation, using 7, = 269K. 
mental values are consistent with the WLF equation. 

To prepare master plots of the ultimate property data, 
values of ar given by the solid line in Fig. 9 were used. Fig. 
10 shows €m plotted against log 1/Rar; Fig. 11 we log 
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Fig. 10 Reduced plot showing strain-rate dependence of strain 
at maximum stress for a propellant at 269 K 


position of the initial portions of the stress-strain curves. [See 
In Fig. 9, experimental values of 
log ar obtained in these three ways are compared with the 
It is seen that the experi- 


values predicted by the Williams-Landel-Ferry equation 


S,.T,/T plotted against log 1/Rar. These two master curves 

show the variation of strain at maximum stress and of tensile 
strength over an extended range of strain rate at the standard 
reference temperature, 269K or —4C. At this temperature, 
ar = 1, but by using values of a7 shown in Fig. 11, the scale 
on the abscissa in Figs. 10 and 11 can be changed to show the 
variation of the ultimate properties with strain rate at any 
desired temperature. 

The initial portions of stress-strain curves measured a‘ 
different strain rates and temperatures can be superposed tc 
give a single reduced stress-strain curve. To prepare the re- 
duced curve, a reduced stress is defined as aST/RT oar and 
a reduced time as e/Rar, where S is the stress based on the 
initial cross-sectional area and a is the principal extension 
ratio (which equals 1 + e). The quantity aS is the stress 
based on the actual cross-sectional area, provided no volume 
changes occur as a specimen is tested. When aS is used 
superposition extends to larger strains than when only S is 
used. 

A typical reduced stress-strain curve is shown in Fig. 12, 
where the reference temperature at which ar = 1 is 6.7C. 
These data are for a propellant similar to that used to obtain 
data shown in Figs. 7 to 11. The curve in Fig. 12 has a unit 
slope at both low and high values of the reduced strain. A 
line of unit slope on such a log-log plot means that the stress 
acts primarily against elastic retractive forces. The ratio 
of stress to strain, where the slope is unity, gives the modulus, 
which at low values of the strain is the glassy modulus and at 
the high values of strain is the rubbery or equilibrium modulus 
The intermediate portion of the curve represents the transi- 
tion from glassy to rubberlike behavior, and the lower the 
slope the greater is the contribution of viscous forces to the 
observed stress. 

The stress-relaxation modulus E(t) can be calculated from 
the stress-strain curve shown in Fig. 12 using the equation 
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Fig. 11 Reduced plot showing strain-rate dependence of tensile 
strength for a propellant at 269 K 
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Fig. 12 Typical reduced stress-strain curve for a composite pro- 
pellant; data reduced to is 6.7 C 
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Fig. 13 Time dependence of E(t), Sn and em for a propellant; 
data reduced to 25 C 
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Such an evaluation of E(t) will be accurate only as long as the 
material exhibits linear viscoelastic behavior. However, 
this procedure has been shown to be accurate for unfilled 
polyisobutylene (14). 

Fig. 13 shows the time-dependence of E(t), S,,, and e» for 
apropellant. These quantities are plotted against e/R, which 
is the time required to achieve a strain e at a constant strain 
rate R. (Although the quantity 1/R, used as abscissa in 
Figs. 7, 8, 10 and 11, has dimensions of time, it does not 
equal the time for the event of interest to occur.) The ab- 
scissa in Fig. 13 can be converted by the use of Eqs. 6 or 7 
to show the temperature for which measurement at unit 
strain rate would yield the results shown. 

The main conclusions to be drawn from the reduced plots 
are: (a) Values of the ultimate properties at a high tem- 
perature (approximately 160F) indicate the values that should 
be found at lower temperatures at very low rates. (b) An 
increase in strain rate at high temperatures increases the 
magnitude of all three properties. (c) At low temperatures 
an increase in strain rate gives a decrease in ultimate elonga- 
tion, but it gives an increase in the tensile strength and 
modulus. 
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In common practice, propellant properties are usually 
A measured at some fixed strain rate over a range of tempera- 
tures and the results are then shown on a plot of the property 
vs. temperature. While it is true that such plots give an 
immediate qualitative indication of the effect of strain rate— 
an increase in rate corresponds to a decrease in temperature— 
the separation of time and temperature effects must be made 
using Eqs. 6 or 7. Moreover, confusion may well arise as to 
the actual rate dependence if markedly different rates are used 
in different experiments. This is shown in Fig. 14, where 
the results from Fig. 13 are plotted vs. temperature for two 
different strain rates. Whereas a change in temperature 
merely shifted the curves of Fig. 13 along the time scale (dis- 
counting the small effect of the T)/T ratio), a change in rate 
not only shifts the curves of Fig. 14 along the temperature 
scale but also changes their shape, particularly for the en 
curve. 


similar to those of an unfilled elastomer, with one significant 
exception. Under high tensile loads or after subjection to 
moderate loads for long periods, the adhesive bonds between 
the filler particles and elastomeric binder may begin to break, 
producing vacuoles around the particles. Once adhesive 
failure begins, it usually continues at an ever-increasing rate 
until the specimen breaks. This phenomenon is illustrated 
in Fig. 15, where the tensile creep compliance D(t)/a meas- 
ured at six loads is plotted against log time. (The quantity 
D(t)/a equals the strain e(t) divided by the initial stress Sp, 
and this quantity is divided by a (= 1 + e) to correct for the 
decrease in cross-sectional area. This correction is based on 
the assumption that no volume change occurs, which is not 
always true, especially after vacuoles begin to form around 
filler particles.) 

The base line in Fig. 15, labeled Dz, is a quasi-equilibrium 
compliance which increases slowly and apparently linearly 
with log time. When a specimen is under a finite load, the 
compliance seems to deviate eventually from the quasi- 
equilibrium line and then to increase at an ever-increasing 
rate until the specimen breaks. The time at which this devi- 
ation begins depends on the load: the greater the load the 
shorter the time required before the deviation begins. 

Thus, it is convenient to represent the compliance D(t) as 
the sum of a linear and a power law term as 
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Fig. 15 Effect of initial stress on the tensile creep compliance as 
measured under constant loads 


The term D z(t) is a quasi-equilibrium value observed after 
most of the viscous forces have relaxed, and it also represents 
the compliance which would be expected if the binder did not 
break away from the filler. The term D z(t) has the forin 


Di(t) = a+ blogt [10] 


where a depends on the amount of filler present, but 0} is 
nearly the same for both a filled and unfilled binder. 

The term D,(t) is the contribution to the compliance ass - 
ciated with the breakage of the adhesion between the filler and 
binder. As the adhesion breaks, vacuoles form around the 
filler particles and the strain increases at an ever-increasin z 
rate until the specimen breaks. It has been found that 


D,(t) = D(t) — Di(t) = ktm for t > t, (1: ] 


where f, is a critical time for the initiation of adhesion failure, 
or of vacuole formation, and is highly dependent on the ay - 
plied load. 


Interaction Between Binder and Filler : | 


The addition of filler particles which adhere to an elast« - 
meric binder increases the modulus and the glass temperature 
or the binder, as discussed above. When the adhesion is 
disrupted by deforming a specimen, vacuoles form around the 
filler particles and modify the mechanical properties. The 
maximum in the stress-strain curve, illustrated in Fig. 6, and 
the upswing in the creep-compliance curve, illustrated in Fig. 
15, are due largely to the dewetting process, or vacuole forma- 
tion. Thus, for a basic understanding of the mechanical 
properties of filled systems, it is necessary to study the de- 
wetting process and the factors which influence it. 

When an unfilled elastomer is stretched, the volume of the 
specimen changes only slightly, provided crystallization does 
not occur; and for present purposes, the volume change 
can be assumed to be zero. However, when dewetting and 
vacuole formation occur in a filled material, the volume in- 
creases. Thus, a study of the volume change that accom- 
panies the stretching of a filled specimen gives information 
on the strain at which dewetting begins and possibly on 
the strain at which dewetting is complete. 

The deformation of an elastic material in pure homo- 
geneous strain may be characterized by three principal ex- 
tension ratios. For example, suppose that an undeformed 
rectangular parallelepiped, having length Zo, width Wo, and 
thickness 7, is deformed by loads applied perpendicularly to 
its opposite faces. The resulting deformation is given by the 
principal extension ratios a, = L/In, a. = W/W, and 
a3 = 7'/To, where L, W, and 7 are the new length, width and 
thickness. Thus, the volume ratio is given by the relation 


V/Vo = A Ao [12] 


where V and Vo are the volumes of the deformed and unde- 
formed material. 

When an isotropic material is subjected to tension or com- 
pression, a2 equals a3. If no volume change occurs, Eq. 12 
becomes ; 
This leads to the equation 


daz _ _a _ dey 
da, 2a, de, 


[13] 


[14] 


where ¢,. is the lateral strain, and e; is the longitudinal strain 
According to classical elasticity, based on small-deformation 
theory, the Poisson ratio v equals — d e,/de:, and Eq. 14 
shows that this ratio varies with the extension, even thougl: 
it is assumed that no volume change occurs. However, Eq. 
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14 can be integrated to give 


In 
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In Qa) 


where In a, and In a, are the Hencky, or logarithmic, lateral 
and longitudinal strains. Thus, the Poisson ratio, defined | 
in terms of the logarithmic measure of strain, is independent 
3) of the extension and equals 3, provided that the volume re- 
mains constant. 

The Poisson ratio, defined in terms of logarithmic strain’ 
is : convenient number to use in specifying volume changes 
that occur when an elastic material is subjected to large de- 
for nations. The volume change that occurs during a tensile 
i] or :ompressive deformation is given by the following equation, e 

derived by differentiating Eq. 12 after noting that a» equals” 
’ Qs 
a _ 


dln V/Vo 
“dina 


d in ay 


[16] 


where the Poisson ratio y, which may be a function of a, is 
defined as 

d\n a2 
dina 


e Thus, the modified Poisson ratio may be calculated from 
> measurements made of specimen volume as a function of ex- 
tension or from measurements of the width of a rectangularly 
shaped specimen as a function of extension. As long as no 

: volume change occurs, this Poisson ratio equals 0.50, but 
l when a volume increase occurs, the ratio is less than 0.50. 

; A study has been made of the volume changes and de- 
wetting that occur during large tensile deformation of glass- 
bead-polyviny] chloride elastomeric composites (18). Some 
data were obtained by measuring the width of a tensile speci- 
men as it was stretched in incremental steps. Dilatometric 
measurements were also made of the volume changes that 
occur during the extension of ring-shaped specimens. 

A polyurethane foam which contained 59% by volume of 
void space was also tested. It was found, as shown in Fig. 
16, that the volume increase during extension could be char- 
acterized by a Poisson ratio of 0.36, which was constant over 
the entire range of extensions studied; i.e., for extensions up 
to 50%. 

An illustrative example of the behavior exhibited by the 
glass-bead-polyviny] chloride composites is given in Fig. 17. 
This figure shows data for a composite containing 41.5 vol- 
ume % glass beads measured at four temperatures and plotted 
as log V/Vo vs. log L/L. As seen from the plots, the com- 
posites show the following behavior: Between zero and some 
critical strain, no volume change occurs and so in this range 
of strain Poisson’s ratio is 0.50. At greater strains, de- _ 
wetting occurs and Poisson’s ratio decreases with increasing 
extension. Finally, beyond some strain, Poisson’s ratio is 
again independent of extension. It is believed that in this — 
final strain range, dewetting is complete. Both the critical 
strain at which dewetting begins and the Poisson ratio fol- 
lowing the dewetting process were found to be a function of 
the volume fraction of filler. The critical strain for initiation 
of dewetting varies with temperature since the adhesive 
strength between binder and filler is temperature dependent. 
However, the Poisson ratio following dewetting is tempera- 
ture independent. This behavior is expected, since after 
dewetting is complete, further stretching only enlarges the 
size of the vacuoles around the filler particles. 

Some studies have been made of the volume changes that 


7 Certain valid reasons are recognized for not defining the 
Poisson ratio in terms of logarithmic strain. However, the Pois- 
son ratio defined in terms of logarithmic strain is used in this 
paper only as a convenient index for rate of volume change, even 
though some other name should, perhaps, be given to this 
quantity. 
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Fig. 16 Variation in width and length during extension of poly- 
urethane foam rubber specimen 
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Fig. 17 Volume increase during extension of polyvinyl chloride 
composites containing 41.5% glass beads 
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occur when composite propellants are 
studies were made by measuring the width of a specimen while 
it was being stretched. It was found that little or no volume 
change occurs up to some critical extension, and at larger 
extensions, a volume increase occurs which can be described 
by a constant Poisson ratio. A typical plot of —log W/W> 
vs. log L/Ip is shown in Fig. 18 for a propellant containing 
about 69 volume % oxidizer. 

Too few tests have been made to determine whether or not 
the data in Fig. 18 are typical of most rubberlike propellants. 
It is quite possible that for certain propellants the volume 
will increase continuously over the entire range of extension 
and this volume increase may or may not be representable 
by a constant Poisson ratio over certain ranges of strain. A 
study of a few propellant compositions has shown that the 
Poisson ratio often starts to decrease from 0.50 at a strain 
of about 0.67 e,,. It is quite possible, however, that changes 
in the nature of the elastomeric binder or the amount or type 
of oxidizer will cause a volume increase to begin at some 
other fraction of ém. 

Since few detailed studies have been made of the volume 
of composites as a function of extension, few general conclu- 
sions can be drawn. However, the technique discussed seems 
well suited to use in studying the effect of various factors on 
the adhesion of binder to filler particles. as 
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pw REQUIREMENT that a liquid propellant rocket 
system be able to coast in space for a long time prior to 
firing is common to many contemplated space missions. In 
this paper, attention is given to the problem of maintaining 
the propellants at temperatures permitting effective use of 
the propulsion system after coast. Heat conduction between 
oxidizer and fuel, and between propellants and other vehicle 
components, is considered as well as heat radiation to space, 
from the sun, and among vehicle components. Temperature 
limits are defined for the propellant combinations: F./Ha, 
F./NoH4, O2/He, N2O./N2Hy, as they are used in typical 
turbopump-fed and gas pressure-fed propulsion systems. 
The various heat flow paths found in these systems are in- 

dicated and methods of controlling the heat flow discussed. 

A mission, stage configuration and thermal environment 
are postulated. Estimates are made of the mass of thermal 
insulation required for each propulsion system as a function 
of coast time. A payload is estimated for each system assum- 
ing no coast time to be required. This “zero-coast’’ payload 
is then adjusted to account for the insulation mass required as 
a function of coast time. 

The following discussion briefly describes the analysis and 
its results. 


Propellant Temperature Limits 


Successful operation of typical liquid propulsion systems 
requires that the propellants (other than hydrogen, which is 
always at a super-critical temperature as it emerges from the 
thrust chamber regenerative cooling jacket) be liquid in the 
combustion chamber injector passages, that the propellant 
vapor pressures be low enough in turbopump fed systems 
to allow provision of adequate NPSH without exceeding tank 
design pressures, and that the fuel be at low enough tempera- 
ture to adequately cool the thrust chamber. Accordingly, 
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Propellant Comparisons 
for Space Missions 
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periods to the solar space environment. 
propulsion systems are indicated. A mission is postulated wherein a missile stage, boosted from 
Earth into a space trajectory, is expected to provide a velocity increment at the end of a coast period. 
A comparison of several high energy propellant combinations is made in terms of payload capability 
in the mission. The coast period is varied between zero and ten years in order to discover its influence 
on the payload comparisons. Results show that the specific propulsion systems considered can sus- 
tain coast periods up to 15,000 hr (about 2 yr) without significant change in the payload magni- 
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Consideration is given to the thermal insulation requirements of vehicles exposed for extended 


Heat flow paths pertaining to typical bipropellant liquid 


the following temperature limits are assigned to the pro- 
pellants in the systems under consideration: 

1 The lower temperature limit in all cases is the freezing 
point. 

2 The upper temperature for hydrazine is 100 F to allow 
adequate chamber cooling. 

3 In the turbopump-fed systems, the upper temperature 
limit for each propellant except hydrazine is that which 
corresponds to a vapor pressure 20 psi below tank design 
pressure. 

4 Inthe pressure-fed systems, the upper temperature limit 
for each propellant, except hydrazine, is that which corre- a 
sponds to a vapor pressure 5 psi less than the chamber pressure. 

The 5 psi is a margin of safety preventing vaporization in the — 

injector. Although hydrogen is not subject to the “liquid — 7 

injection” criterion, the same vapor pressure limit is arbi- | 


trarily applied. In the actual case, a detailed study would 
be necessary to determine the upper limit for hydrogen which 
might be dictated by regenerative cooling requirements or | 
the system’s adaptability to density changes. 

If the propellant tanks are designed to accommodate the | 
propellant volume increase accompanying rises in tempera-_ 
ture, the above criteria require no loss of propellant during | ; 
coast since the propellant vapor pressure never reaches the | 
tank design pressure. It is necessary, therefore, to consider — 7 
only the heating and cooling of the liquid propellant mass; — 
it can be shown that the latent heat of the mass of vapor — 
present in the ullage space is small enough to be ignored. 


Heat Transfer Considerations 


Fig. 1 illustrates the arrangement of vehicle components — 
and the heat flow rates considered in estimating heat transfer — 
rates. In all the calculations, it is assumed that each pro- — 
pellant and its tank are at a uniform temperature. 

The heat exchange between a vehicle and the external — 
environment in space depends on incident thermal radiations, 7 
vehicle attitude toward the sources of these radiationsand the =| 
character of external insulation of the vehicle (1 and 2).‘ 


4 Numbers in parentheses indicate References at end of paper. 
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In this paper the vehicles are assumed to be beyond the 
effective range of direct and reflected radiations from the 
planets. The only incident radiation is from the sun toward 
which the vehicle displays an uncontrolled, random attitude. 
The vehicle’s distance from the sun is assumed constant and 
equal to Earth’s distance. External insulation consists of 
layers of radiation shields with controlled surface emissiv- 
ities and absorptivities. 

Calculation of the net heat flow between each propellant 
and external space through N radiation shields is based on 


(1) where it is shown that 


— €) N+1 
€ 


Since the propulsion system has no attitude control, ex- 


2+ 


treme heat transfer situations must be considered to apply 
for the entire coast period: propulsion system broadside to 
the sun’s rays (S = 445 Btu/hr ft? and A, = A,/z for cylin- 
drical shields), and propulsion system ete a shaded by 
payload (S = 0). 

The radiant heat transfer between propellants is estimated 
assuming the tanks to be represented by parallel circular 
disks joined by a nonconducting re-radiating shell. If N 
radiation shields are placed between the tanks, the net heat 
flow is given by (1) 


where the subscripts 1 and 2 refer to the higher temperature 
and lower temperature disks respectively, and 7 is a view 
factor [from (4), assuming that the distance between disks is 
approximately equal to their diameters] given by 


1 


[3] 


If no radiation shields are used, but a thickness of con- 
ductive insulation is placed on the higher temperature tank, 
the net heat flow is given by 
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Fig. 1 Diagram of heat flow paths 


tion. 

The supporting structure, propellant feed lines and pres- 
surization gas lines provide paths for conduction betwecn 
tanks. Insulation as such is not applied to these paths, 
No heat inputs or losses are assumed to apply to the conduc- 
tion path other than those at the path ends. 

The thrust chamber, when exposed to the sun, is also a 
source of conduction into the lower tank. Because of its 
relatively low heat capacity, and because the conduction in‘o 
the tank is small compared to the solar input, the thrust 
chamber will quickly reach an equilibrium temperature de- 
termined mainly by its surface radiation characteristics. 
Since a wide choice of surface coatings is available, the equi- 
librium temperature can be made equal to the N 101 and Nol [, 
temperatures; when a cryogenic is in the lower tank, tle 
equilibrium thrust chamber temperature is assumed to le 
300 R. When the thrust chamber is shaded, heat is con- 
ducted to it from the lower propellant tank and radiated ‘o 
space. The amount of heat lost from the propellant may 
be decreased by enveloping the thrust chamber with jettison.- 
able radiation shields. 


Propulsion System Description and Performance 


The total mass of each vehicle during coast, including «ll 
insulation, the propulsion system and the payload, is arbi- 
trarily taken as 30,000 Ib. At the end of coast the shielding 
against external radiation is jettisoned and the propulsion 
system then expends its entire propellant load in one firing 
providing the vehicle with a 12,000 fps velocity increment. 
The thrust level is assumed to be 30,000 Ib. 

Engine operating conditions and specific impulse for each 
propulsion system are listed in Table 1. The operating con- 
ditions, together with the rules discussed previously, de- 
termine the propellant temperature limits (listed in Table 2). 

The propellants are stored in separate spherical tanks; 
the pressurization system is immersed in the propellant tanks. 
Tanks and pressurization systems are designed to accom- 
modate changes in propellant temperature within the limits 
in Table 2 

To reduce conduction between components by providing a 
long path, the joining structure is composed of steel poles 
attached to the lower tank from which are suspended steel 
wire hammocks that support the upper tank and the payload. 
Bessey low conduction rates might be obtained with less 
radical configurations through the use of fiber glass, as in (3). 

For purposes of calculating conduction heat rates, the pro- 
_ pellant and gas feed lines are represented by a 0.01-in. thick 
steel tube of 3-in. diameter, and long enough to reach from 
tank bottom to tank bottom. The thrust chamber is at- 
tached to the lower tank by a similar, foot-long tube. The 
resulting conduction heat transfer rates are listed in Table 3. 

All insulation used consists of thinly spaced layers of radia- 


tion shields except between the fluorine and hydrazine tanks 
_where a layer of Linde SI-4 conductive insulation was esti- 


mated to be more effective. Each radiation shield is of 
- 0.005-in. thick, polished (emissivity = 0.04) aluminum foil. 
~ In an attempt to allow for conduction between shields along 
shield supports, the number of shields found necessary in 
Eqs. 1 and 2 is increased by an arbitrary safety factor of 
1.33. When using the equations, in order to simplify com- 
putations, propellant temperatures are assumed to be at the 
mean between tanking temperature and extreme allowable 


temperature. 


The outermost external radiation shield may be coated to 
achieve desirable values of a; and e;. For the cryogenic 
propellants, a coating of white paint (a; = 0.12, e, = 
0.89) is applied. The shielding necessary to prevent over- 
heating while exposed to the sun is then more than adequate 
to prevent freezing when in the shade. 

For nitrogen tetroxide and for hydrazine, stripes of white 
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where the subscript z refers to the outer surface of the insula- 
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the sun. 


the allowable propellant cooling when the system is in the “St 
shade. NO SHIELDS 
Fig. 2 shows how heat flow due to radiation between pro- 
L pellant tanks varies with the insulation mass applied. The 5). 10° | SHIELD 
3 sanie curves are assumed to apply to the heat exchange be- ele 


tween payload and the upper tank which, because of the 
conduction between thrust chamber and lower tank, is taken 
to contain the colder propellant. 
effet of shielding layers on external heat exchange. 

With the aid of component mass estimates, propellant loads 
| an’ payloads were calculated for the mission assuming zero 
In determining allowable heat 
inputs and losses for missions requiring coast periods, the 
propellant loads are assumed to be approximately the same 
The zero-coast payloads are 


paint are used to achieve as 
Thermal equilibrium (OQ = 0) at allowable propellant tem- 
peratures is thus obtained when the system is broadside to 
Shielding requirements for NO, and N2H,, based 
on these surface characteristics, are therefore determined by 


coa-t time and no insulation. 


as ior the zero-coast mission. 


adjusted to account for insulation masses required during 
Zero-coast propellant loads, allowable heat changes, 
anc zero coast payloads are listed in Table 4. 

In order to obtain the effect on payload of required insula- 
tio mass vs. coast period for each propulsion system: 

1 For each coast time the allowable heat flow rate to or from 


coast. 


Propellant 
F.-He 


O2-He 
F.-N2H, 


N20.-N2H, 


0.191 and e, = 


Fig. 3,illustrates the 
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Fig. 2 Radiation between propellant tanks 
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Feed system 


pump 
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pump 
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pump 
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Thrust Nozzle 
chamber expansion 
pressure area ratio 
300 30 

300 30 
60 
300 30 

150 
300 30 

150 


Table 1 Nominal propulsion system characteristics 


Propellant 
mixture 
ratio 


Specific 


impulse 
440 
428 
429 
408 
395 
392 
320 
317 


Propellant 


—- 


tank 
pressure 


Propellant 
com- 
bination 
F.-H2 


N2O.-NeoH, 


Feed system 
pump 


press 
pump 
press 
pump 
press 
pump 


press 


~ > 


Propellant 


Table 2 Propellant temperature limits 


Tanking 
temperature, R 


154 


36. 


“I 


98 


495 


Ww: 


Freezing 
temperature, R 
97 
24.8 


Maximum 


183 
46. 
196 
51. 
190 
46. 
190 
46. 
183 
560 
207 
560 
586 
560 
634 
560 


temperature, R 


or 
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- each propellant is obtained by dividing the maximum heat 
_ change by the coast time. 
2 The conduction heat flow rate to each propellant is sub- 


the allowable heat flow rate due to radiation. 
3 Because radiation heat flow may be both internally and 


L—NoH, Ha) 

0,(0,/H,) 
x 


1 10 100 1000 10,000 
NUMBER OF SHIELDS 


EXTERNAL HEAT FLOW TO OR FROM PROPELLANTS 
VS NUMBER OF EXTERNAL SHIELDS +n a 


Fig. External heat flows 


externally controlled, the division of insulation mass between 
internal shields and external shields is optimized so as to 
arrive at the minimum total effective insulation mass. In 
calculating the effective mass of the external insulation, the 
actual mass, to account for its jettison prior to firing, is 
divided by the gross-mass-to-payload-mass ratio of the ve- 
hicle. 

4 The total effective insulation mass is subtracted from {he 
zero-coast payload. 


Discussion of Results 


Trends of payload mass vs. coast duration for the pro- 
pulsion systems considered are shown in Fig. 4. It is shown 
that for coast durations up to about 15,000 hr (about 2 yr) 
there is no significant change in the ranking of the propuls'on 
systems. For longer coast periods the curves are shown 
dotted because the assumed operating conditions (especiz ily 
those that determine the allowable heat change in the pro- 
pellant, namely mixture ratio, chamber pressure, and tank 
pressure) are suspected to be off-optimum at the loner 
coast periods. Also, the insulation masses become large 
enough so that the assumption of constant propellant lo:ds 
for the calculation of allowable heat changes leads to signifi- 
cant errors. It is recommended therefore that the dotted 
portion of each curve be interpreted with caution. 

The propellants and feed systems considered are listed in 
Table 5 in order of decreasing payload capability; correspond- 


com- oe Conduction path 4 Total conducted 
bination Propellant Feed line Structure Thrust chamber heat rate 
F, —0.03 0.36 +1.3 +0.9 
O.-H: O: -0.08 0.36 +1.3 $0.9 
F.-N2H, F, +0.10 +1.3 
—0.10 —1.3 
N2O.-N2H, N20, 0 
NoH, 0 
z Table 4 Zero-coast payloads, propellant masses and maximum propellant heat changes 
Feed Zero-coast Propellant Max. heat Max. heat 
system payload Propellant mass gain, Btu loss, Btu 
pump 11,500 171,000 328,000 
33 , 200 28,500 
press 10,750 251,000 333 ,000 
55,300 28 , 900 
O2-He pump 11,0000 161,500 319,000 
press 9,900 172/000 340,000 
75,000 61,500 
F.-N-Hy pump 10, 450 135,000 259,000 
84,800 189,000 
press 10, 000, 248,000 259,000 
85,000 190,000 
N.O,-N2Hy pump 8, 150 198,000 283 , 000 
133 ,000 295 ,000 
134,000 298, 000 
612 ARS JouRNAL 
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Fig. 4 Effect of coast duration on payload "aa 


ing estimated payloads (expressed as percentages of the 
highest payload for the given coast period) are tabulated for 
a luission requiring one year’s coast prior to firing and also 
for a mission requiring no coast period. 

The implication that it may be possible to coast each of the 
propulsion systems considered for more than a year without 
noting any significant payload mass decrease is based on 
many assumptions, including the following examples which 
deserve further comment: 

| Incident radiation is assumed to be solar radiation oc- 
curring at Earth’s distance from the sun. Actual missions 
however may involve moving away or towards the sun and/or 
close to a planet. It may be expected that as vehicles travel 
away from the sun, external insulation requirements for the 
liquefied gases will decrease (since the insulation is de- 
termined by the solar heat input) while those for N.O, and 
N2H, will remain the same (since the propellant heat loss 
when shaded by the payload will not be affected). As 
vehicles travel toward the sun or closer to a planet, the in- 
crease in heat flux should increase the liquefied gas insulation 
requirements more than it does the requirements for NO, 
and NeoHg. 

2 There is no control assumed of the vehicle’s attitude 
(nor of the shielding attitude) with respect to the sun. Pre- 
sumably with an attitude control system designed for the 
purpose, external radiation shielding requirements might be 
substantially decreased. However the propellant and/or 
power requirements for maintaining an attitude for long 


Table 5 Relative payload capability 


Relative payload, percent-— 
~ No coast One year coast 


F;/H2 pump-fed 100 100 
O2/He pump-fed 96 96 
F./He pressure-fed 93 94 
F./N2H, pump-fed 91 93 
F2/N2H, pressure-fed 87 88 
O2/He pressure-fed 86 86 
N2Os/N2H, pump-fed 71 73 
N204/N2H, pressure-fed 65 67 
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coast periods may impose a large mass penalty on the vehicle. 

3 The vehicle is specially designed to reduce conduction 
between components and to allow jettisoning of external 
radiation shields. Conduction rates obtained in conventional 
present vehicles would be intolerable in the longer coast 
periods. If the external insulation cannot be jettisoned, the 
decrease in payload due to insulation mass would be about 
tripled. 

4 The radiation shielding safety factor of 1.33 is assumed 
adequate to account for conduction along shield supports. 
The question of supporting the radiation shielding and pro- 
tecting it from damage by meteoroids while at the same 
time preventing excessive heat conduction deserves further 
study. 

5 Each zero-coast system is designed for the same pro- 
pellant temperature limits as the long coast system. Pre- 
sumably a mission with no coast period or with only a short 
coast period does not require tanks designed to accommodate 
the large liquid density changes caused by, and does not 
require that the pressurization system operate over, a wide 
propellant temperature range. However preliminary esti- 
mates have shown that the same temperature limit criteria 
may be applied to short as well as long coast periods without 
significantly influencing the relative performance of the pro- 
pulsion systems considered herein. 

6 The vehicle velocity increment is 12,000 fps and its 
gross mass is 30,000 Ib. As shown in (5), velocity increment 
has considerable influence on the effect of propulsion system 
mass changes on payload mass and on the payload mass 
differences between propulsion systems. In the present case, 
these assumptions may have even more influence because they 
determine propellant mass and, therefore, the allowable 
heat changes. The considerable effect of propellant mass 
on insulation requirements is indicated in (2 and 3). 


Nomenclature 


Q = heat flow rate 

A, = projected area of propellant tank normal to sun’s rays 
A, = radiating surface area of propellant tank 

€; = emissivity of outermost radiation shield surface 

a, = absorptivity of outermost radiation shield surface 

T, = propellant temperature 

S = incident solar heat flux 

o = Stefan-Boltzmann constant 

K = thermal conductivity of insulation 

t = thickness of insulation 

€ =emissitivity of tank, shield and conductive insulation 


surfaces 
A = area 
T = absolute temperature 


1 Burry, R. V. and Degner, V. R., ‘‘Liquid-Propellant Storage Evalua- 
tion for Space Vehicles,” presented at the Fourth Symposium on Ballistic 
Missile and Space Technology, U.C.L.A., Los Angeles, Calif., Aug. 1959. 

2 Burry, R. V., ‘Liquid Propellant Storage in Earth Satellite Orbits,” 
presented at 1960 Annual Meeting of the Institute of Environmental Sciences, 
Los Angeles, Calif., April 6-8, 1960. 

3. Love, C. C., Jr., ‘Liquid Hydrogen Transport Time Limits in Space,” 
presented at Structural Design of Space Vehicles Conference of the 
American Rocket Society, Santa Barbara, Calif., April 6-8, 1960. 

4 Geidt, W. H., Principles of Engineering Heat Transfer, chap. XIII, D. 
VanNostrand Co., Princeton, N. J., 1957. 

5 Jortner, J. and Rosemary, J. K., ‘‘Mission and State-of-the-Art Ef- 
fects on Rocket Feed System Comparisons,” presented at the 1960 
Summer Annual Meeting of the Amer. Soc. of Mech. Engrs., -Xas 
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Truncated Perfect Nozzles in 
Optimum Nozzle Design 


gas. 
upon oblique shock separation. 


| jee OPTIMIZATION of a propulsive nozzle involves a 
variety of conditions and parameters. These include: 
the environment in which the nozzle is to operate; the 
_ propellant selection; the thrust requirement; the mass flow 
rate; and the property to be optimized, such as weight, 
_ length, or exit diameter. Despite the variety of conditions to 
_be imposed, it is desirable to establish a procedure which is 
sufficiently flexible to produce optimum configurations of 


i various types. 


It is possible to approximate very closely optimum nozzles, 
such as those of minimum length, by suitably truncated per- 
fect nozzles. Employing truncated perfect nozzles for opti- 
mum thrust nozzles, moreover, has some important ad- 
vantages in addition to the relative simplicity of construction. 
By using a family of perfect nozzles constructed for a given 
throat flow, it is possible to consider the various optimum 
_ problems simultaneously and thus to effect a tradeoff among 


_ By definition, a perfect nozzle expands a throat flow such 
that a uniform axial flow is produced of prescribed Mach num- 
_ ber or area ratio. For a given fuel and mass flow, a set of 
perfect nozzle contours is computed for various exit conditions. 
_ Integrated surface area and thrust, including frictional losses, 
are obtained at axial locations in the nozzle. Information for 
all possible truncations of perfect nozzles is available; thus, a 
large variety of nozzles can be considered. Selection of an 
- optimum thrust design from within this family then depends 
upon the formulation of the problem. 
- Some special forms of the nozzle optimization problem 
_ have been considered previously. It is well known, as shown 
by Shapiro (1),5 that in the absence of friction a perfect nozzle 
gives maximum thrust if the exit pressure is equal to ambient 
pressure. The particular problem of length optimization for 
axisymmetric frictionless flow has been investigated by Guder- 
ley and Hantsch (2), and subsequently by Rao (3) with the 
aid of the calculus of variations. Although this method leads 
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A graphical technique for selecting optimum nozzle contours from a family of truncated perfect 
nozzles is presented which permits simultaneous consideration of various types of optima. 
procedure includes the effects of friction, as well as the thermodynamic properties of the reacting 
Results are given of hot and cold flow tests, 


This 


showi ing the effect of wall contour and wall cooling 


to the minimum length nozzle for a prescribed thrust, it has 
not been extended to solve the minimum surface area prob- 
lem, which is probably the most important of these extremal 
problems. Moreover, the effect of wall friction cannot be 
included. Since one type of optimum nozzle shape cannot 
satisfy the many conceivable requirements, it is desirable to 
have a procedure which encompasses the various optimum 
problems. 

To justify the use of optimum truncated perfect nozzles, 
their properties are compared with those of the Guderley- 
Hantsch-Rao nozzle in the case of minimum length. Al- 
though the analysis for the minimum length nozzle does not 
yield an exact segment of a perfect nozzle, it is possible in the 
absence of friction to choose a truncated perfect nozzle 
having the same thrust and almost precisely the same length 
as a Guderley-Hantsch-Rao nozzle. Further insight into this 
close relationship is provided by the fact that minimum length 
nozzles in two dimensions are exactly perfect nozzle sections. 
In addition, in the absence of an exact solution of the mini- 
mum surface area problem, suitably truncated perfect nozzles 
represent the best approximation available to minimum 


surface. There is little reason to believe that the variational 
solution, when found, will give appreciably better per- 
formance. 


Description of Construction 


Initially, a particular throat flow is chosen on which the 
whole family of perfect nozzles is based. This may involve a 
continuous expansion downstream of the throat as along a 
circular are, or it may employ a sharp corner expansion near 
the throat. Several methods of approximating this throat 
flow are available. The nozzle contours described by Clip- 
pinger (4) are constructed with the assumption of a uniform, 
slightly supersonic Mach number at the throat. This is in- 
adequate for most practical subsonic sections. Rao uses 
Sauer’s transonic flow (5), which we have found to be un- 
reliable over a significant Mach number range. The throat 
flow is essentially ignored by Landsbaum (6) and Foelsch (7), 
who assume a supersonic source flow somewhere downstream 
of the throat. With a program described in a later section, the 
authors have checked the complete internal flow field of coni- 
cal nozzles and found marked deviations from true source flow 
except for unduly long supersonic lengths. A source flow as- 
sumption is therefore not justified in most cases, and when it 
is justified there is no a priori way of determining exactly how 
long the initial section must be to achieve source flow. Again, 
the throat flow is ignored by the method of (8), where a center- 
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line pressure distribution is assumed resulting in an undefined 
throat region. The authors have used the throat flow de- 
veloped at New York University (9), and the contours sub- 
sequently given use this type of flow. Although this type of 
construction has proved most satisfactory for small curva- 
tures approaching the throat, when the upstream radius of 
curvature is equal to one throat radius or less, the procedure 
deteriorates unless an excessively large number of terms is 
used for the series solutioi. Transonic velocity distributions 
have been obtained which use a streamline procedure es- 
sentially similar to that given in (10), and which show suf- 
ficient promise to warrant replacement of the N.Y.U. throat 
flow. 

Once the throat flow has been determined, the remainder of 
the nozzle is constructed by the familiar method of character- 
istics suitably modified to accommodate a chemically reacting 
gas. This requires only modification of the basic velocity— 
Mach number relationship. For a reacting gas, we use the 
following method: 

1 The quantities p, p and v are obtained from one-dimen- 
sional thermochemical calculations. 

2 The local sound speed is defined as (Op/Op), = c? 

3 By a suitable curve fit that insures a good approxima- 
tion to the first derivative (11), the M = 1 location is fixed 
where v = c, and the Mach number at all other velocities is 
known, since ¢ has now been added to the list of tabulated 


Optimization 

A complete set of perfect nozzles is shown in Fig. 1. These 
curves are adequate for showing the optimization process and 
are useful for general studies. As shown in this figure, con- 
tours are specified by A p, the ratio of exit area to throat area 
for the perfect nozzle. Superimposed on the’ plot of these 


contours are lines of constant surface area, and constant 
vacuum thrust coefficient. For truncated nozzles, then, there 
are four basic variables indicated; vacuum thrust, surface 
area, length, and exit diameter. Any two of these (e.g., length 
and exit diameter) completely specify the contour and the 
The various optima are readily 


remaining two properties. 


May 1961 


identified in Fig. 1. Thus, for example, the points at which a 
surface line is tangent to a thrust line represent minimum 
surface area nozzles; the points where the thrust lines are 
tangent to a vertical line give minimum length nozzles, and 
minimum diameter nozzles result when the thrust lines are 
tangent to a diameter line. It can be seen from this figure 
that the difference between minimum length and minimum 
surface area nozzles is small. 

For other than vacuum operation, a given nozzle pressure 
ratio P;/P4, the curves of Fig. 2 and the following equation 


Cr = Cr,,. — PaA/PcA* 


are used to define constant thrust lines. These constant thrust 
curves are shifted with increasing ambient pressure. Because 
of this shift, longer pieces of smaller area ratio Ap perfect 
nozzles are involved for minimum surface area and length re- 
quirements as ambient pressure is increased. Deviations 
from these minimum types of nozzles for any ambient pres- 
sure, to obtain increased thrust or to stay within a prescribed 
geometrical envelope, can always be easily made. Thus, 
Fig. 1 can be used to select the optimum nozzle for any par- 
ticular application; the compromises between thrust and 
geometry are immediately evident. 


Comparisons With Other Nozzles 


For most applications truncated perfect nozzles exhibit 
a significant advantage over conical nozzles. Fig. 2 shows a 
comparison of minimum surface area nozzles with the familiar 
15 deg conical nozzle. The same values of gamma, approach 
section and friction coefficient were used in both cases. For 
the same thrust, minimum surface area nozzles may have 40% 
less surface area than a corresponding 15 deg conical nozzle at 
likely design area ratios. Calculations for chemically reacting 
propellants show similar characteristics. 

A comparison of a minimum length nozzle, as that com- 
puted by Rao (12), with truncated perfect nozzles is made in 
Fig. 3. The minimum length nozzle calculated by Rao is seen 
to be longer than the minimum length truncated perfect 
nozzle calculated by the authors. Differences apparently are 
due to numerical construction methods. In the construction 
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RAO NOZZLE 


MIN LENGTH (TRUNCATED PERFECT) 


of the Guderley-Hantsch-Rao nozzle it was found that small 
variations in the point where the last expansion line from the 
throat intersects the final Mach line produce significant 
effects on the nozzle contour, and considerable care is required 
in the numerical construction to produce accurate results. 
Our construction of this type of nozzle shows that it is slightly 
shorter than the corresponding truncated perfect nozzle as it 


should be. 


Wall Friction Effects 


Thrust is computed for the nozzle in nondimensional form 
by the integrated impulse across the throat region added to 
the pressure forces along the wall. In equation — : 


throat Pe A* 


Vaxia err + 
Pe A* 
| 
wall Pe A* wa 


where F, is the friction force. To evaluate the effect of fric- 
tion it is first necessary to obtain reasonable values of C,, the 
friction coefficient defined by 


= Cyqcos OwdA, 
616 


dF, 
ll A*P¢ 


LENGTH 


MIN SURF(TRUNCATED PERFECT) 


It is not our intent to investigate in this paper the validity 
of various boundary layer methods used to compute C;. For 
calculation purposes the various methods proposed in the 
literature (13 and 14) result in sufficiently similar skin friction 
coefficients when compressibility and heat transfer are ac- 
counted for. In addition, typical calculations performed by 
the authors point to the satisfactory use of an average skin 
friction coefficient. This is sufficiently accurate in many 
cases because the largest portion of projected surface area of 
a contoured nozzle is at a nearly constant value of C;. This 
is particularly true for rapid initial expansions from the 
throat where the Mach number increases by a factor of 2 to 
3 in a very short distance and then increases very slowly 
along the rest of the wall. 

The effect of varying the friction coefficient in a fixed nozzle 
is shown in Fig. 4. Fig. 4 shows, for the case where friction is 
neglected, that the last portion of the nozzle continues to 
produce increases in thrust with considerable increases in total 
length. However, the inclusion of even a modest skin friction 
coefficient results in an excess of drag over thrust contributed 
by the latter part of the nozzle. Therefore, not only do ap- 
preciable reductions in length and surface area result from 
truncating the perfect nozzle, but more thrust is obtained. 
For example, Fig. 4 shows that in selecting a maximum thrust 
nozzle, 23% useless length would be added (C;; = 0.006). For 
this reason only truncated portions of perfect nozzles are 
suitable for propulsive applications. 


Effect of Fuel Properties 


Owing to the large number of possible fe fuel and ile 
combinations, construction of all nozzle performance maps of 
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Fig. 4 Effect of friction 
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SOLID PROPELLANT; NITROSOL WITH 19.5% ALUMINUM ; 
Pc =600 PSIA 


P/Pc 


Fig. 5 Variation of isentropic coefficient 
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interest is a tedious task. It is therefore important to investi- 
gate simplified methods which can be used for preliminary 
design purposes. 

The necessary modifications to the characteristics equa- 
tions for chemically reacting gases have been indicated pre- 
viously. It may also be noted that a variable isentropic co- 
efficient y. may be used to represent the reacting gas process 
(8). This isentropic coefficient is identical to the ratio of 
specific heats y for gases of fixed composition. Justification of 
the use of a constant gamma process, which simplifies the 
nozzle calculations, involves obtaining information about the 
variation in y, for the particular propellants in question, and 
the effects of this variation on nozzle shape and performance. 

The variation in y, for two reacting propellants, for which 
chemical equilibrium was assumed, is given in Fig. 5. As 
shown in this figure, the variation in ¥, is significant for these 
propellants at low pressures, which occur near the exit of high 
area ratio rocket nozzles. Methods for obtaining y, are given 
in the literature (8). 

Even though the change of y, may be of the order of 10% 
in a nozzle expansion, the net effect on the contour is small if 
a reasonable average value is selected for preliminary analyses. 
This is shown in Fig. 6 and in Table 1 for a design condition 
of Ap = 20. The hydrogen-oxygen contour is seen to be quite 
close to a constant y = 1.2, whereas the solid propellant is 
closer to y = 1.1. For the same value of Ap it may also be 
noted that a lower value of y leads to shorte 
larger initial expansion angle. 


Table 1 Perfect nozzles for an area ratio of 20 
Crvace 
no 
As/Ar L/D* friction 
y¥ =1.1 143 9.76 1.916 
solid (see Fig. 5) 147 10.03 1.9085 
H, and O, (see Fig. 5) 157 10.73 1.836 
y=12 © 158 10.77 1.820 
y =1.4 . 193 13.16 1.690 
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Table 2 C, ina fixed y = 


1.2 perfect nozzle truncated 
for minimum surface area 


A/A* = 25 


Flow Cs Crvac, no friction 
y=11 i ©9875 1.922 
solid (see Fig. 5) 0.9874 1.914 
H, and O, (see Fig. 5) 0.9852 1.829 
y = 1.2 0.9849 1.815, design contour 
y¥=14 0.9790 1.666 


Up to this point, the discussion has been limited “ the flow 
of a gas in a nozzle with a contour specifically designed for 
that gas. To determine how sensitive the thrust performance 
is to contour changes, gas flow properties were computed in 
contours other than the designed contour. This was ac- 
complished by a method of characteristics solution for a given 
throat flow and fixed contour which was programmed for 
machine solution on the IBM 704. The program allows, 
within limits, an arbitrary contour to be analyzed with react- 
ing gases as well as with a constant gamma. 

The contours selected for study were conical nozzles and 
perfect nozzles designed for a particular y or reacting gas. 
The parameter chosen for comparison purposes was C,, the 
ratio of actual to ideal thrust at the same area ratio. This is 
a significant parameter; for although actual thrusts vary 
widely with the choice of propellants, the quantities C, remain 
fairly constant. For example, all perfect nozzles will produce 
C, = 1, by definition, when losses are ignored. The following 
cases were considered and the results are given. 

1 A 15 deg conical nozzle was analyzed with fixed y from 
1.10 to 1.4, hydrogen-oxygen, hydrogen-fluorine, UDMH + 
N20, typical solid propellants, for shifting equilibrium and 
frozen flow. Ignoring differences in friction coefficient, the 
conical nozzle vacuum thrust efficiency C, was only slightly 
affected by the choice of propellants. However, C, was found 
to depend on nozzle area ratio. 

2 Conical nozzles of 15, 20 and 25 deg were analyzed with 
y = 1.1, 1.2 and 1.286. There was a slight but consistent 
trend of C, variations with gamma and wall angle, and a 
deviation from the divergence loss 3 (1 + cos 6,) depending 
on nozzle length. (The results of “this study are currently 
being prepared for publication.) 

3 <A 40:1 area ratio hydrogen-oxy gen minimum surface 
contour designed for an O/F = 5 in shifting equilibrium at 
a chamber pressure of 300 psia was analyzed using O/F from 
4 to 6 under shifting and frozen equilibrium conditions, and 
also by using constant gammas ranging from 1.18 to 1.22. 
Resulting C, were not changed from their original values. 

4 Truncated perfect nozzle contours originally designed 
for y = 1.1, 1.2 and 1.4 were analyzed with the same three 
gammas in each nozzle. In general, the higher y-flows in a 
lower y-design nozzle resulted in a smaller C,. Similarly, in- 
creases in C’, were found when using low y-flows in a higher 
y-design nozzle. This is shown in Table 2. Thus, for ex- 
ample, a minimum surface area truncated perfect nozzle de- 
signed for cold air (4) with y = 1.4 gave a higher C, than was 
predicted for cold air when used with rocket fuels. This is at 
the expense of increased surface area and length, however, 
since the contour specifically designed for lower gamma 
rocket fuels is shorter. 

The practical implications of the foregoing results are im- 
mediately apparent. In designing the nozzle contour, a 
mean value of y can frequently be chosen. Of course, the 
calculated thrust will be different depending on the gamma 
value chosen. However, the calculated value of C, will vary 
only negligibly if a slightly different gamma value is used to 
design the contour. Similarly, the value of C, will not vary 
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greatly if the nozzle is designed for a fixed gamma and the 
actual nozzle process yields a slightly different value of gamma. 
For example, Fig. 5 shows that for the hydrogen-oxygen pro- 
pellant, values for the isentropic coefficient vary between 1.15 
and 1.26 (i.e., a 10% variation). Yet this propellant when 
analyzed in a y = 1.2 nozzle, as shown in Table 2, resulted in 
a C, difference of only 0.0003 from the value obtained by 
analyzing the same nozzle with its design gas. 

The foregoing results strongly suggest the use of a constant 
gamma for preliminary selection of nozzle shape and C,, and 
are similar to those referred to in (12). For as shown in Fig. 6 
the original design of the contour was not significantly af- 
fected by using an approximate gamma. Moreover, the use 
of chemically reacting propellants in a constant gamma nozzle 
results in only minor C, differences (Table 2) if the correct 
gamma is chosen. Of course, actual thrusts and wall pres- 
sures vary widely with the propellants and the assumptions 
used, and ideal thermochemical calculations for the reacting 
gases are necessary. When small differences in both nozzle 
thrust and weight significantly affect the overall mission, and 
a final detailed analysis is made, it is desirable to design the 
contour for the specific propellant. The results thus obtained 
are more realistic for predicting thrust and local nozzle proper- 
ties in heat transfer and separation calculations. 


Summary of Test Results 


When measured nozzle wall pressures are accurately pre- 
dicted, the measured thrust agrees with predicted values and 
the throat flow approximation is justified. For the nozzles 
previously presented, predicted performance has repeatedly 
been verified experimentally when the gas properties were well 
known. Typical cold flow test results are shown in Fig. 7. 
As many as thirty separate recordings of pressure at each 
station were available for this nozzle. In addition, the ordi- 
nate in Fig. 7 has been chosen to display the significant de- 
viations from one-dimensional values that are typical for 
truncated portions of perfect nozzles. It is to be noted that 


the agreement of theoretical values of pressure with test re- 
sults is excellent. 


Also, no boundary layer, correction was 
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Fig. 8 Measured wall pressures 
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made to determine a displacement thickness for the nozzle 
contour indicating that the boundary layer growth had no 
measurable influence on the wall pressures. It should be 
pointed out that the nozzle of Fig. 7 had a sharp corner down- 
stream of the throat. Most of the nozzles tested were similar 
in this respect and in all cases the measured pressure dis- 
tribution downstream of the throat showed no deviation from 
the predicted values. 

Results of a minimum surface nozzle run with hydrogen 
plus oxygen are given in Fig. 8. The model was designed for 
y = 1.2 and was cooled up to an area ratio of 5. The pres- 
sure curves shown were predicted on the basis of either shift- 
ing or frozen equilibrium using the previously mentioned 
program. As shown, test results indicated that this nozzle 
deviated from shifting equilibrium flow. Frozen flow as 
usually defined means the composition is fixed at chamber 
conditions. Assuming the composition “frozen”? downstream 
of the chamber shows promise in more accurately predicting 
nozzle thrust in many cases. Full scale results also have 
been obtained on the Pratt & Whitney Aircraft LR-115 shown 
in Fig. 9. 


Separation Data 


We have found no suitable theory to predict correctly the 
performance of separated truncated perfect nozzle, and to 
account for the following variables: nozzle shape, external 
flow, wall temperature when the nozzle is cooled and fuel 
properties. Separation characteristics for the nozzles tested 
with cold air and no external flow are summarized in Fig. 10 
and the configurations are listed in Table 3. In all, the data 
represent 10 different truncated perfect nozzles, tested by the 
authors, with area ratios from 6 to 36 and ranging in length 
from minimum surface to maximum thrust nozzles. Shown 
in Fig. 10 is the ratio of ambient to local pressure just before 
separation vs. nozzle pressure ratio. Separation trends for 
specific nozzle types are generally well defined. The shorter 
length truncated perfect nozzles tested (higher exit angles) 
exhibited easier separation characteristics than the longer ones. 
Also shown for comparison purposes are the various area 
ratio 15 deg conical nozzles tested. Other conical and con- 
toured separation data can be found in (15 and 16) which show 
the same trends. iy 
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Fig. 10 Separation data 


Some of the points shown in Figure 10 deviate from the 
curves representing the trends that have been described. For 
the most part, these are the points (shown with a slash line) 
where the nozzle is just beginning to separate and the com- 
plete oblique shock pressure rise is not contained within the 
nozzle (15). This trend was consistently encountered. It is 
therefore difficult to generalize about the value to which back 
pressure can be raised before separation is first detected. 
When separation takes place well within the nozzle, however, 
the measured pressure rise at the same value of nozzle ratio 
P./P, was found to be independent of the final nozzle area 
ratio and to depend only on the type of contour used. 

Hot flow test results from the configuration that yielded the 
data of Fig. 8 were obtained under separated conditions. The 
results were similar to those shown in Fig. 10. It was pointed 
out that this configuration has uncooled walls past an area 
ratio equal to 5. Application of this data to the fully cooled 
LR-115 engine shown in Fig. 9 resulted in discrepancies which 
were believed to be due to wall cooling. The effect of cooled 
walls on separation was made with a simplified model as shown 
in Fig. 11. This testing indicated the extent to which wall 


Table 3 Model data for Fig. 10 2 
Symbol L/D* A/A* Ap 
QO 24 62 9.4 
2.24 6.27 15 
3.22 10.2 25 | 1 minimum surface- 
Cy §.05 19.25 45 and length-type 
© 4.20 8.02 9.4 nozzles 
a 4.13 10.26 15 2 exit wall angles, 
V7 6.28 18.7 25 7-13.5 deg 
OQ 5.27 12 15 1 longer-type nozzles 
9) 8.85 22.3 25 2 exit wall angles, 
11.00 35.9 45) | 4-6 deg 
— 6.33 —) 
a — 10.5 -} 15 deg wall angle 
18.9 
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re cooling retards separation because of an energized boundary D = 


layer. friction force 
The configuration that yielded the data in Fig. 7 (cylindrical L = supersonic nozzle tng 
external shroud) was tested with external flow up to Mach “4 a Mach number 
numbers of 0.95. It was found that up to Mach numbers of WE pe 
approximately 0.9 the separation data was identical with the > lee 


values shown in Fig. 10 when ambient pressure is replaced by S = entropy 7 ; 
measured base pressure (i.e., the nozzle appears to expand T = thrust, temperature Be i F 
to the local base pressure). With external flow, nozzle base V = velocity * eal 
_ pressures may be sufficiently low to cause complete expansion y = ratio of specific heats is 
of the nozzle with serious thrust losses. This was found to Ye = isentropic coefficient 
apply as well to other types of nozzles (e.g., plug type). 6 = angle of inclination 
oft = density 
Nomenclature Subscripts 
. 
Ap = arearatio for perfect nozzle ~ 
= thrust/A*Pc recovery 
Cs = vacuum thrust/ideal vacuum thrust — S = static, surface 
7 T = total 
vac = vacuum 
W = wall 
ve * = throat station 
7 SEPARATION SHOCK 
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pee GREATEST efficiency, an ideal electric propulsion 
motor should provide an electrically neutral beam of 
monoenergetic particles at zero temperature. In practice, 
the closest approach to this ideal may be provided by an ion 
motor, in which the propulsive force arises entirely from elec- 
trostatic forces. Extensive experience concerning the con- 
struction and operation of ion accelerators already exists in 
connection with high-energy particle research. The require- 
ments of ion accelerators for propulsion are, however, quite 
different and a number of problems remain to be solved. Im- 
portant among these is the problem of beam neutralization. 
There are two aspects to this problem: On the one hand, the 
electrical capacitance of a rocket ship is extremely low, so that 
if the potential of the ship is to remain fixed, equal currents of 
positive and negative particles must be ejected. On the other 
hand, accumulation of charge within the beam must be 
minimized to maintain a large outward flow of ions. 

For ion accelerators utilizing heavy positive atomic ions, such 
as cesium, thermionic electrons are usually proposed to pro- 
vide the neutralizing negative charge. However, because of 
the smallness of the mass of an electron, it is difficult to fulfill 
the second requirement of neutralization. For this reason, in 
part, negative atomic ions, such as chlorine or iodine, have 
been proposed (1)? in lieu of electrons to provide the negative 
charge. The use of negative ions in conjunction with positive 
ions of comparable mass would provide a straightforward 
means of satisfying both aspects of the neutralization problem. 
Furthermore, the negative ions would contribute substantially 
to the thrust, and could thus provide a more efficient, as well 
as a more compact, ion motor. 

At the present time, surface ionization is usually considered 
to be the most promising method of producing positive ions 
for propulsion. The most familiar case is that of the produc- 
tion of positive ions of cesium at a high-temperature tungsten 
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A composite beam of negative and positive atomic ions is proposed as a most promising means to 
achieve thrust by electrostatic forces: thermally radiating surface sources for ion currents of both 
signs are productively associated with the generation of thrust; beam neutralization which is 
dependent upon velocity matching can be readily accomplished by adjustment of acceleration volt- 
ages to the ratio of the ion masses which may be nearly equal. Devices of this kind are possible 
because negative ions can be produced by surface ionization just as positive ions are in electrostatic 
propulsion devices already being developed. The concept of negative surface ionization sources 
appropriate to electrostatic acceleration depends extensively on the work which has been carried out 
almost entirely in the Soviet Union and which is briefly reviewed here. Composite ion propulsion 
= devices can be devised in which ions of both kinds are produced in a single collinear unit and emerge 
mixed; or are produced in a checkerboard array of individual positive and negative ion guns and are 
merged by inter- and intra-beam electrostatic forces. 


surface. For the purpose of electrostatic propulsion, it has 
also been pointed out (1) that surface ionization may be used 
for the formation of negative ions in a way similar to that 
used for positive ions. It is desirable, therefore, to review 
briefly the basic principles of ion production by surface 
ionization, and to study the application of this method to the 
production of positive and negative ions for use in ion pro- 
pulsion devices. 


Formation of Positive and Negative Ions by Sur- 
face lonization 


Langmuir and Kingdon (2) were first to explain the mecha- 
nism for the emission of positive ions by a heated surface. In 
their experiments a heated tungsten surface was used to ionize 
atoms of the cesium vapor which surrounded it. Since the 
year 1925, when the work of Langmuir and Kingdon was 
published, they and many others have carried out extensive 
research on surface ionization, which we will discuss in regard 
to the fundamental results relevant to electrostatic propulsion. 
A more detailed and more general discussion on surface ioniza- 
tion can be found in a review paper by Zandberg and Ionov 
(3). 

The term surface ionization refers to the process whereby 
ions are evaporated from a monotomic layer of atoms ad- 
sorbed on a heated metal surface. A simplified model of the 
physical processes of surface ionization can be used to under- 
stand the results observed in experiments. Suppose that we 
have a heated metal surface of work function 4, i.e., in the 
absence of an externally applied electric field, an energy of 
electron volts is required to remove an electron from the 
surface of the metal to infinity. The rate of evaporation of 
electrons from the metal surface is given by the Dushman- 
Richardson equation 


J = aT’ exp (—@/T.) [1] 


where a is a constant (120 amp cm~? deg~? K) and 7, is the 
value of kT in electron volts; T is the temperature of the 
surface in degrees Kelvin. Suppose now that a particle cur- 
rent of atoms with an ionization potential of J electron volts 
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Fig. 1 
atoms from an ionizing surface with (¢ — J) and temperature 


The variation of the ratio 8 of positive ions to neutral 
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Fig. 2 The variation of the ratio B_ of negative ions to neutral 
atoms from an ionizing surface with (A — ¢) and temperature 


strikes a heated surface. The ionization potential is the 
energy necessary to remove an electron from the atom to in- 
finity. The atomic particles will be adsorbed on the surface 
and then evaporated as atoms or positive ions, according to 
temperature-dependent relations similar to those for the elec- 
trons. 

Let y, and y. represent the work of removal for a positive 
ion and an atom, respectively. Then the ratio a, of positive 
ions to atoms which evaporate from the surface of adsorbed 
particles is 


Ya exp(— 


where g, and g. are the statistical weights for the ground states 
of the ion and atom, respectively. For alkali-metal particles, 
these are 1So and %S:/,, respectively, so that g, = 1 and 
Jo = 2. 

The energy difference ya — 74 may be evaluated by con- 
sidering the following cycle: An atom is removed from the 
surface to infinity with an expenditure of energy ya, and then 
an electron is removed from the atom with an expenditure of 
energy J. The electron then is returned to the metal with an 
energy release @ for the atom-metal system. The net effect 


corresponds to removal of a positive ion; therefore if : 


whence ors 


Thus, for alkali-metal atoms eee 


This relation is known as the Saha-Langmuir equation (2) 
and was originally derived from consideration of a gas of ions, 
electrons, and atoms in thermal equilibrium with the metal 
surface. The fraction 6, of the particles emitted as positive 


ions is, due to Eq. 4 


By = a4/(1 + ay) = {1 + 2exp[(I — ¢)/T.]} [5] 


The variation of 6, with work function and surface tempera- 
ture is graphically shown in Fig. 1. 

For electronegative elements, such as the halogens, positive 
ions can be formed only with great expenditure of energy, 
whereas atoms of these elements readily form negative ions 
upon the attachment of an electron with an energy release of 
Aey. (The electron affinity A may also be thought of as the 
energy for the removal of an electron from the negative ion, 
i.e., the ionization potential for the negative ion.) The 
analysis for this case is entirely similar to that for the forma- 
tion of positive ions. Again, let ys and y_ be the work re- 
quired to evaporate an atom or negative ion, respectively. 
The difference y. — y— can be determined from the following 
cycle: An atom and electron are removed from the surface to 
infinity with an energy expenditure y. and @¢, respectively, 
and the electron is then combined with the atom to form a 
negative ion with an energy release A. The net effect is 
equivalent to removal of a negative ion from the surface with 


an energy expenditure alee 


[6] 


_ Thus, the ratio a_ of negative ions to neutral atoms which 
- evaporate from the surface is 


—y-/T, 7 


(Note: use of g. and ya should not be confused with use of 
similar symbols for the positive surface ionization.) For 
halogen atoms the ground states of the ion and atom are 
18) and *P3/2, respectively, so that the statistical weighting 
factors are g- = 1 and g, = 4. Accordingly, the fraction 6 
of halogen particles emitted from the surface as negative ions 
is 


B_ = a_/(1 + a) = {1+ 4 exp[(@ — 


The variation of B_ with work function and surface tempera- 
ture is shown in Fig. 2. The difference between the B, and B_ 
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curves arises from the differences in the weighting factors. It 
is apparent from Figs. 1 and 2 that the variation of 8, and B_ 
with temperature in the range of practical interest is most 
pronounced for small differences between ¢ and I or } and A, 

The previous discussions were concerned with the separate 
production of positive or negative ions in eac th case from a 
single atomic species. However, the results are valid for a mix- 
ture of atomic species. For example, if the surface tempera- 
ture is sufficiently high to dissociate adsorbed molecules, the 
resulting ion-to-atom evaporation ratios should be the same, 
whether the incident beam is composed of alkali-halide mole- 
cules or an equal mixture of alkali-metal and halogen atoms. 
We may then expect the relations just presented to apply to 
each atomic constituent. Thus, with the restriction that the 
total number of alkali-metal atoms and ions emitted equals the 
total number of halogen atoms and ions emitted, we obtain for 
the ratio of the emitted current of positive alkali-metal ions 
to the emitted current of negative halogen ions 


1 + 4 exp[(@ — A)/Te] 
1 + 2exp[(I — $)/T:] 
This formula was first shown by Yonov (4). Application of 


Eq. 9 to the ion pairs cesium-iodine and potassium-chlorine 
is shown in Fig. 3. 


ty 


Experiments Involving Surface Ionization 


Positive Surface Ionization 


The extensive experimental data which have been obtained 
for positive ion production at heated metal surfaces are fully 
in accord with the Saha-Langmuir relation and values of @ 
and I known (see Table 1). The experiments also provide in- 
formation about the rate of evaporation from the surface, 
which cannot be readily evaluated theoretically except to the 
extent that the heat of vaporization of an ion will be no less 
than (@ — J) or (A — 9¢). 

The current of positive ions available from the ionizing sur- 
face, for a steady-state condition in which as many particles 
leave the surface as arrive, is determined by the rate of 
arrival of atoms at the surface and the value of B,. For a 
surface surrounded by a vapor of alkali-metal, as in most ex- 
periments performed, the rate of arrival of atoms per sq cm 
per unit time is by gas kinetic theory 


= p(2rmkT)-/2 


where p and T are the pressure (in dynes/cm?) and tem- 
perature (in degrees Kelvin) of the alkali-metal vapor. The 
dependence of p on T is known from measurement and is 
usually proportional to exp(—b/T), so that uw. may be 
represented by 


Values of the constants B and C’ for three alkali metals are 
given in Table 2. Similar results exist for the halogen vapors. 

The ion current 1, from the surface is simply the product of 
uo and e (the electronic charge) and the fraction 6, or B_, 
which as we have seen is also a function of the temperature and 
work function of the ionizing surface. The values of ¢ fora 
clean surface (Table 1) only apply when the temperature of 
the ionizing surface is high enough so that the rate at which 
particles can evaporate from the surface greatly exceeds the 
rate of arrival. If this is not the case, the ionizing surface 
becomes partly covered by an adsorbed layer of atoms of the 
vapor, which results, in the case of alkali-metals on a high- 
work-function surface, in a decrease of the work function, and, 
in the case of halogens on a low-work-function surface, in an 
increase of the work function. Consequently, the value of 
8, or B_ may be rapidly decreased by adsorption until the 
elficiency of ionization almost discontinuously approaches 
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Fig. 3 The variation of the ratio i_/i; of negative and positive 

ion currents from a heated surface of work function ¢ for the 

alkali-metal halogen pairs K, Cl and Cs, I at low pressure. (The 
curves do not all actually cross at a single point) 
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Table 1 Ionization potential, electron affinity, and work 
function for selected materials 
(ev) A?® (ev) ¢ (ev) 
Cs 3.9 I 3.1-3.3 Wwe 4.5 
Rb 4.2 Br 3.3-3.8 Th-W? ~2.7 
K 4.3 Cl 3.7-4.0 Tac 4.1 
me F 3.64.1 >6.3 
* See (5). »& See (3 and 6). © See (7). 4% See (8). 
«See (9). 


Table 2 Constants for evaluation of yu, for alkali-metal 


vapor* 
Element B Cc’ 
K 4.503 29.11 
Rb 4.132 29 .00 
Cs 3.774 28 .34 


« These constants are taken or derived from those of 
Table 1, p. 745 (10). 
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Table 3 Constants for evaluation of critical temperatures 
for ionization of alkali-metal vapors at tungsten 


Metal 10-* x D E 
| K 1.435 25.17 
Rb 27.95 


« These constants are derived from those of Langmuir 
(14,15) on the assumption that 7, = uae. See also Notting- 
ham (11). 


and Re 


- gero at some critical temperature T,. Above 7, we have very 


nearly 
= pal [12] 


for (6 — I) or (A — @) not toosmall. The values of T, for 
alkali-metal vapor with a tungsten surface for ionization have 
been empirically determined from experiment to be of the 
form 


T. = D(E — logio uo) [13] 


where D and E are given in Table 3. Nottingham (11) has 
shown by means of an approximation for logio wa, in which 
the slowly varying term containing logi T is absorbed in C’, 
that there is an approximately constant ratio between the 
temperature 7, of the tungsten ionizing surface and Tc, 
of the liquid cesium reservoir 


= 3.6 [14] 


in the temperature range of the experiments of Taylor and 
Langmuir (12). Actually, this ratio tends to increase with 
temperature, as is indicated by more recent experiments 
(18, 14), so that at 1500 Ka value of 3.8 would probably be a 
better one. It is interesting to note from the data of Shelton 
et al. (13) that the ratios of the critical temperature of the 
tungsten surface to that of the alkali-metal reservoir for an 
ion current of 25 ma/cm? are 3.73, 3.60, and 3.25, respec- 
tively, for Cs, Rb, and K. 

Although the energy required to remove a positive ion from 
the ionizing surface is of the order of ys [about 2.83 ev for Cs 
on W (2)], the total expenditure of energy associated with the 
production of an ion is much greater. The reason for this in- 
efficiency is that only a small fraction (less than 1%) of the 
surface need be covered with adsorbed atoms to decrease a,. 
to a small value by reduction of the work function. How- 
ever, energy is lost from the whole surface by radiation. 
According to the experiments of Shelton et al. (13, 14) an 
overall energy of 160 ev/ion is required for cesium or rubidium 
on tungsten at 1450 K at an ion current of 25 ma/cm?, 
though the data indicate that values below 100 ev/ion might 
be realizable (14). Presumably, similar considerations apply 
to the production of negative ions, though no data are 
available. 


Negative Surface Ionization 


Experimental work in the field of negative surface ioniza- 
tion has been chiefly directed toward the determination of the 
electron affinity A of electronegative elements such as the 
halogens and chaleogens (3). In these experiments pure 
tungsten or other refractory metals have usually been used as 
a thermionic source of electrons and, as we might expect, yields 
of negative ions were very small. These electrons were pre- 
sumed to become attached to the electronegative atoms in the 
space charge surrounding the emitter with consequent produc- 
tion of negative ions. The work function of such thermionic 
emitters is almost invariably larger than the electron affinity 
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of the electronegative atoms. Therefore, the dominant term 
in the ratio of the electron current to negative-ion current 
from the surface, which is usually measured as a function of 
surface temperature [as, for example, in (17) ], isexp(— A/T). 
Thus, the work function of the surface is not important to the 
result. 

However, for the production of a substantial current of 
negative ions by surface ionization we see from Eq. 8 that the 
work function of the surface must be less than the electron 
affinity. Only a very few experiments have been done which 
fulfill this requirement. An experiment in which negative 
halogen ions were produced at a thoriated-tungsten surface 
(see Table 1 for @ and A values) was reported in 1947 by 
Timokhina and Shuppe [see (3), p. 276] in Russia. More 
recently, Trischka et al. (18) have reported a related expcri- 
ment in which thoriated-tungsten was used as an ionizing sur- 
face and a beam of alkali-halide molecules (CsI, CsBr, CsCl, or 
CsF) was directed against it. The alkali-halide molecules 
dissociated thermally on the surface and negative halogen ions 
were released. In this experiment the electron current to the 
collector was inhibited by a magnetic field. A calibration of 
the number density we of the beam was obtained by vaporizing 
the thorium layer on the filament, so that now ¢ > I > A and 
the current of positive ions observed corresponded very nearly 
to the incident molecular current. In this way, the yield of 
negative ions observed was found to be about 60% of a value 
of B_ of very nearly unity calculated from the SahaeLangmuir 
relation, Eq. 8, for a CsCl beam. Similar results were ob- 
tained for beams of other alkali-halide molecules listed, except 
for CsF for which the results were anomalous. The difficulty 
in the case of fluorine is probably explained by the tendency 
of it to remain adsorbed on the surface of tungsten up to 2600 
K (3). As in the case of oxygen (cf. W-O, Table 1), the ad- 
sorption of electronegative fluorine results in an increase of 
the work function of the surface. 

The recent quantitative studies of Datz and Taylor (19) on 
the production of K+ ions from potassium-halide molecules on 
ionizing surfaces of Pt, W, and W-O have further established 
the validity of the concept that alkali-halide molecules dis- 
sociate on a heated surface with concomitant ionization of 
the vaporized atoms in accord with the Saha-Langmuir rela- 
tion. 

The existence of a critical temperature 7’. has been revealed 
for negative chlorine ions, just as for positive ions, by experi- 
ments [see (3), pp. 277-278, and Trischka et al. (18)]. The 
experimental confirmation by Yonov (4) of the temperature 
dependence of i,/i-, as theoretically predicted by Eq. 9, 
established that the formation of negative ions by interaction 
of molecules with electrons in the space charge did not play 
an important part in the experiment. 

In regard to the matter of current density which is im- 
portant to ion propulsion, the experiments of Trischka et al. 
(18) have yielded a negative-ion current up to 0.6 of the posi- 
tive-ion current observed from the same surface area. There- 
fore, it appears that negative-ion current densities comparable 
to those obtained for positive surface ionization may be ex- 
pected. Consequently, the expenditure of energy per nega- 
tive ion would be comparable to that discussed for positive 
ions in the preceding section. 


Electron Current and Energy for Excitation of Negative 
Ions 


A large current of negative ions requires a low-work-func- 
tion surface and a large positive potential gradient at the sur- 
face. Both conditions also favor the emission of electrons and 
it is of interest to compare the electron and negative-ion cur- 
rents. Unfortunately, there are insufficient data concerning 
the yield of negative-ion current from surfaces such as thori- 
ated tungsten. Most experiments have been performed with 
pure tungsten [see e.g. (3), p. 276] for which the negative- 
ion yields have been in accord with theoretical expectation. 
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The limited experimental data (18) indicate that the negative- 


ion currents from a surface, such as thoriated tungsten, should 
be comparable to the positive-ion currents from a surface such 
as tungsten for corresponding temperatures. Furthermore, 
the production of negative ions is in most respects similar to 
the production of positive ions. The electron current, of 
course, rises rapidly with temperature and, at a temperature 
of about 1400 or 1500 K, can be as great as the negative-ion 
current. 

The electrons can be discriminated against by the use of 
magnetic fields and also by operating at temperatures only 
slightly above the critical temperature. This mode of opera- 
tion may be desirable also from the standpoint of maintaining 
a proper activation of the surface and of minimizing radiation 
loss. In this respect, it is advantageous to choose a surface 
work function that is not too low. A value of (A — ¢) about 
0.5 ev should provide an adequate ionizing fraction B-. <A 
lower value of @ will not materially increase B_, but it will 
increase the electron current. Operating with a surface of 
very low work function has the further disadvantage of per- 
mitting the negative ions to evaporate with energy of excita- 
tion which cannot be readi y recovered in propulsion devices. 


Positive-Ion Electrostatic Accelerators _ 


We will consider, first, certain aspects of electrostatic pro- 
pulsion in which positive ions and electrons are utilized. Ina 
subsequent section we will consider the application of negative 
surface ionization to propulsion. Fig. 4 is a schematic diagram 
of the basic unit of an ion propulsion system as it is commonly 
envisaged today. It consists of a positive ion-source anode, an 
accelerating electrode, and a thermionic electron-source 
cathode. The anode consists of a heated, high-work-function, 
porous material, such as sintered tungsten, through which an 
alkali-metal vapor, such as cesium, percolates. The alkali- 
metal particles are ionized upon leaving the anode surface and 
are then accelerated out of the ion gun by electric fields set 
up between the accelerating electrodes and the anode. Elec- 
trons are added to the beam to maintain the charge balance 
on the vehicle and also to provide space-charge neutralization 
in the volume behind the ion accelerator. To prevent elec- 
trons from entering the gun and striking the anode, the elec- 
tron source is maintained slightly positive with respect to the 
accelerating electrode. 

The maximum thrust F for a cylindrical gun is (20) 


F = 0.62V?2R?(dynes) [15] 


where V is the accelerating voltage in kilovolts and R is the 
ratio of beam diameter to accelerating distance. This relation 
is based upon one-dimensional electrostatic analysis and thus 
for a single gun applies only if R is of the order of unity or 
smaller. For a given species of positive ion the accelerating 
voltage will be determined primarily by the required exit 
velocity of the ions. Thus, in order to increase the thrust, R 
must be increased. However, for R increasing above unity, 
the utilization of the ion-source anode decreases and the 
divergence of the ion beam increases. Thus to obtain a reason- 
able thrust, an array consisting of many small ion guns is re- 
quired. From the standpoint of electrostatic theory, such an 
array is equivalent to a single one-dimensional ion gun of 
large R. Therefore, unless this array of positive ion beams is 
neutralized within a short distance of the accelerating elec- 
trode, the positive ion current will be seriously reduced by the 
space charge in the beam. 

The space charge can be neutralized if negative charges are 
ejected with the positive ions, such that on the average the 
velocities and current densities of the positive and negative 
charges within the beam are proportional to each other (21). 
In order to maintain a net charge on the vehicle near zero, we 
also require that the total current of electric charge from the 
ship be zero. Thus, we have the further requirement that the 
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Fig. 4 A schematic representation of the basic unit of an 
electrostatic propulsion system 
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current densities of the positive and negative charges be equal 
on the average, and consequently, that the exit velocities of 
the positive and negative charges must be approximately 
equal. 

Suppose that V, and —V_ represent the net potential 
differences, respectively, through which the positive and 
negative particles are accelerated before leaving the space 
vehicle, and v,, v. and m,, m_ represent the corresponding 
velocities and masses of the charged particles. Then, by 
assuming singly charged ions, we have 


1 
= eVs [16] 

From the requirement that v_ = v,, it follows that 
V_/V. = m_/m, {17] 


For thermionic electrons, which are most commonly pro- 
posed for neutralization, and singly charged positive cesium 
ions, the ratio m_/m, is approximately 4 X 10-®. Thus, an 
electron with a velocity equal to that of a 5000-ev cesium ion 
will have an energy of about 0.02 ev. This is equivalent to the 
average energy of room temperature electrons, which is con- 
siderably less than one would expect for electrons from a 
thermionic source. If thermionic electrons are used, their 
exit velocity must somehow be reduced within a short dis- 
tance of the vehicle (21). It has been suggested that electrons 
be injected normal to the ion beam, with only a small com- 
ponent of their velocity in the exit direction. However, any 
slight potential difference along the direction of ion motion 
will accelerate the electrons, and it is difficult to imagine that 
such potentials will not exist (14). It may perhaps be possible 
to reduce the electron velocity by collisions with ions (22), 
although it is not quite certain how to do this, so that there 
remains considerable doubt as to the efficacy of using electrons 
to provide beam neutrality. Even if neutralization by a 
method such as ion collision were successful, the net energy 
expended in the production of the electrons would be wasted, 
since their contribution to the thrust would be negligible. 


As an alternative solution to that of neutralization by elec- 
trons, it has been proposed (1) that both negative ions and 
positive ions be ejected by the ion accelerator. The negative 
ions would be produced by a process of surface ionization es- 
sentially identical to that used in the production of the positive 
ions. It is possible to choose a negative ion with a mass 
nearly equal to that of the positive ion, so that the accelerating 
process and ion-optical design would be similar for both sets of 
ions. In addition to providing the neutralizing charge in a 
direct manner, the negative ions would also contribute about 
equally to the thrust of the ion accelerator. Table 4 lists 
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Composite Negative-Ion, Positive-Ion 
Accelerators 


nt 
of 
he 
of VAPOR 
SOURCE 
he : 
On 
ch 
ve 
ce 
re j 
r- 
‘Ss 
1S 
le 
f 
d 
/ 
of 
e 
rT 
i 
I 
1 
: 
ik 
i 


pairs of positive and negative ions, matched according to 
their masses. By adjusting the net acceleration voltage for 
the two signs of ions in accordance with their mass ratio (see 
Eq. 17), the ions can be ejected with substantially the same 
velocity. Stable operation is possible even if the velocities 
are not exactly equal, and in this regard greater latitude can 
be tolerated in V_ with negative ions than with electrons 
(21). Several designs have been devised which utilize a 
combination of positive and negative ions. We will briefly 
consider two of these: a collinear arrangement in which both 
ion types are produced in a single accelerating unit and 
emerge mixed; and one in which the ions are produced in an 
alternating checkerboard array of individual positive and 
negative ion guns. In the latter design the beams are then 
drawn together after emerging from the guns by the electro- 
static effects of intra-beam spreading and attraction between 
beams of opposite sign. 

As an example of the collinear arrangement, see Fig. 5. 
Positive ions are produced at a tungsten anode at potential V 
and negative ions at a thoriated-tungsten cathode at negative 
potential — V_, both by surface ionization. A third electrode 
between the anode and cathode, and at a potential V. below 
the cathode, accelerates the positive ions toward the exit of 
the gun and also prevents the negative ions and electrons pro- 
duced at the cathode from going toward the anode. An exit 


electrode at zero potential accelerates the negative ions and 
Thus, 


decelerates the positive ions to their final velocities. 


HEATED POROUS SURFACE AT 
POTENTIAL V, IONIZES M TO M* 


BEAM OF ELECTRICALLY NEUTRAL 
MIXTURE OF M* AND x7 


EXIT ELECTRODE AT 
ZERO POTENTIAL ACCELER- 

ATES NEGATIVE IONS AND - 
DECELERATES POSITIVE IONS = 


POSITIVE-ION ACCELERATING 
ELECTRODE AT POTENTIAL 
Vo BELOW -V_ 


Fig.5 A collinear positive and negative ion accelerator 
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Fig. 6 A ss checkerboard arrangement of positive and 


negative ion guns in a composite beam propulsion system 
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ASSEMBLY OF GUNS 


Table 4 Mass ratios of alkali-metal and halogen-ion 


pairs 
Positive ion mass Negative ion mass Ion mass ratio 
m+ (amu) m— (amu) m+ /m- 
Rbt 86. 79. 9 


Gt mse 168 


the positive ions go through an acceleration-deceleration proc- 
ess, while the negative ions are simply accelerated. The 
positive and negative ion currents can be controlled by the 
respective ionizing surface areas and temperatures and by the 
electrode spacings. The velocities are equalized by adjusting 
V_in proportion to m4 and m_. 

In a collinear arrangement, a single vapor supply could be 
employed, consisting of a mixture of alkali-metal and halogen 
vapors, or perhaps of a relatively inert alkali-halide vapor. 
This vapor would be permitted to diffuse through the porous 
anode to produce positive alkali-metal ions and neutral halo- 
gen atoms. The halogen atoms would diffuse to the cathode 
to form negative ions. To compensate for the loss of un- 
ionized (and hence unaccelerated) halogen vapor as a result of 
the failure of the cathode to intercept all halogen atoms, and 
possibly because of lower ionization efficiency of the cathode, 
some additional halogen vapor might be required in the origi- 
nal gas supply. 

The presence of neutral component in the accelerating 
chamber of the collinear arrangement may increase the prob- 
lem of electrode sputtering as a result of charge exchange. 
On the other hand, this collinear arrangement is compact in 
cross section and should result in smaller losses by thermal 
radiation. With respect to the latter, it appears advantageous 
to have the higher temperature, positive-ion source as the 
- innermost electrode. The effect of the electrons upon the 
ion streams is difficult to anticipate, but from the standpoint 
_ of efficiency, electron currents must of course be minimized. 

A checkerboard arrangement of alternate positive and 
negative ion guns is shown in Fig. 6. To simplify electrostatic 
shielding problems, one set of ionizing surfaces is recessed. 
_ Thus, as in the collinear arrangement, one ion species goes 

- through an acceleration-deceleration process and the other is 

- simply accelerated. This arrangement is also quite compact 

and the ionizing surfaces can occupy a relatively large fraction 

of the cross-sectional area of the array. To minimize radia- 

— tion losses it would again be well to place the hotter ionizing 

surfaces innermost in the accelerator. The outer electrode is 
not deliberately heated in this arrangement, as would be. the 
7 case in an electron neutralization scheme, and should provide 
- considerable radiation shielding. In operation, the voltages 
in the checkerboard scheme would be adjusted so that the 
positive and negative beams would leave with about the same 
velocity and would be drawn together by the combination of 
attractive inter-beam and repulsive intra-beam electrostatic 
forces. Because of the alternating arrangement of positive 
and negative beams, it is not essential that the merging of 
_ the beams take place particularly near the exit of the ac- 
- celerator. In such an arrangement each individual beam is to 
a great extent shielded from the adverse decelerating effects of 
- neighboring beams of like sign. 
Other possible composite beam arrangements are described 
“ in (1). However, before a number of the design details can 


be fully decided, further information on the production of 
negative ions by surface ionization must be obtained by 
experiment. 
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Electrode Refraction and lon 7 : 
Beam Collimation 
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Efficient electrode structures for acceleration of ions in electrical propulsion systems are com- 
monly designed so as to establish a potential function at the beam edge identical with that charac- 
teristic of space charge limited flow (Pierce principle). Since the accelerated beam is intended 


ultimately to generate thrust, it must emerge from an aperture in the accelerator with a good degree 
of collimation. Consideration must therefore be given also to refraction by the transverse fields 
unavoidably associated with electrode apertures. In general, an aperture separating a region in 
which ions undergo acceleration from a region of lower or negative acceleration acts as a divergent 
Jens; if the fina] stage is decelerating, the exit aperture acts as a convergent lens of greater strength 
than the aperture preceding it. It can be shown that plane parallel flow in the acceleration region 
is incompatible with full collimation of the ejected ion beam. The radius of curvature of the beam 
as it enters the final electrode aperture, the degree of final beam collimation, and the current density 
which can flow at a given exit voltage are therefore interrelated. This forces a compromise between 
degree of colJimation and perveance and determines the maximum thrust attainable at a given 
specific impulse from an emitter of given radius. These considerations apply not only to single 
stage ion guns but also to multistage (including ‘‘accelerate-decelerate’’) systems. Several recent 
descriptions of multi-stage Pierce Gun systems appear to ignore this problem. Application to the 


design of a particular accelerate-decelerate electrode configuration is described. a - 
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N ION propulsion system, which is to exert sustained 
thrust and operate efficiently, must accelerate ions in a 
fairly well collimated beam which must be neutralized by 
adding electrons in the immediate vicinity of the exit aperture 
of the accelerator. Among the physical phenomena involved, 
effects of space charge are of paramount importance in guiding 
the design of a workable configuration. 

The equations of space charge flow admit a few analytically 
tractible solutions, including three cases—parallel plane (1),* 
concentric cylinder (2) and concentric sphere (3) geometries— 
in which the ions move in rectilinear paths along straight 
lines of force, as well as a few special curvilinear flow cases 
recently discovered. See (4 and 5). The so-called “Pierce 
gun” designs utilize a segment of one of the complete rec- 
tilinear flow systems and simulate the remainder of the com- 
plete charge flow pattern by a set of electrodes designed to 
create an identical potential variation along the edge of the 
desired beam (6); e.g., if parallel ion flow is desired, the elec- 
trode system produces an x‘/? potential function; if a wedge- 
shaped beam is desired, the potential function V ~ (pB?)*/* 
must be established along the beam edge by the electrodes, 
etc. The remainder of this discussion will be based on cylin- 
drical flow, although conical beams involve similar con- 
siderations. 

For propulsion, the accelerated ions must be allowed to 
emerge beyond the accelerating electrode; an aperture must 
therefore be opened. The electric field lines which accelerate 
the ions, however, must end on the electrode. Opening this 
aperture therefore introduces tranverse field components, 
which cause the ions to be deflected outward as they traverse 
the aperture. An aperture in an accelerating electrode always 
acts as a divergent electric lens; however, just as in geometri- 
cal optics, an initially convergent ion beam may conceivably 
emerge divergent, collimated or still, but less convergent de- 
pending on the particular geometry involved. An aperture 
in a decelerating electrode acts as a convergent lens, since in 
this case the transverse fields are toward the axis. 

Several recent American Rocket Society papers on ion 
propulsion (7,8,9) have described Pierce gun systems in 
which it appears that account has not been taken of this 
divergent action of an accelerating electrode. Because we 
require that the ion beam be collimated beyond the ac- 
celerator, we must arrange for it to be convergent in the 
acceleration region. 

The quantitative relation governing electric lens action 
was first given in 1931 by Davisson and Calbrick (10), who 
showed that the focal length F of the equivalent cylindrical 
lens, for a slit aperture, is 


=2/B-B) 


where V is the electrode potential with respect to zero par- 
ticle energy, and E, and £, are the electric field intensities 
along the direction of flow on either side of the aperture. 
Whenever E, and £, differ, a transverse field must exist in the 
vicinity of the aperture. Some aberration, of course, exists. 

For electron gun design, it is found that this formula is 
quite accurate (11,12) if EZ, is evaluated by differentiating the 
space charge potential function at the electrode position and 
E, the field beyond the aperture, is taken to be zero. The 
beam will of course be subject to space charge spreading 
beyond the aperture, but the effect of the aperture itself is 
found to be represented to good accuracy by this procedure, 
so that subsequent beam spreading is a separate problem. 
We shall first examine the consequences of the resulting rela- 
tion, and later inquire as to its validity for ion optical ap- 
plication. 

Evaluating FE; for space charge limited cylindrical flow and 


’ Numbers in parentheses indicate References at end of paper. 
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tor to emitter radius 


substituting in Kq. 1 
2V 2V | 4/3R 4R 


—E; pe dV/dr py de dp(pB?) 3 
(2p8 + 


where @ is the Langmuir-Blodgett function, defined by an in- 
finite series in log p (2). Ez will be assumed equal to zero. 
We find that a converging wedge of accelerated ions under- 
goes refraction to an extent determined only by the ratio, p, of 
accelerator radius to emitter radius R. Kor p = 0.54, the 
focal length of the equivalent lens is just equal to the aperture 
radius pR, and the beam will emerge collimated (except for 
aberration). At this value of p, the Langmuir-Blodgett func- 
tion 8? has the value 0.6, and the ion current per unit axial 
length is determined by 


amp/unit length [3] 


7 


for cesium ions of charge/mass ratio 7 = 7.25 X 10° coulomb/ 
kg. 
The cesium ion current density at the emitter is then 

1.45 107% amp/unit are [4] 

Since the accelerating voltage is fixed, J can be increased only 
by reducing the emitter radius R, or by relaxing the collima- 
tion requirement. In the latter case, we can choose to increase 
p, the relative accelerator radius, which decreases the inter- 
electrode spacing. The beam now becomes divergent. We 


can define a collimation factor eo 
[5] 


J coll 


wr 


cos r 


unity for a fully collimated beam, which measures the reduc- 
tion of thrust due to lack of collimation. Here a is the ulti- 
mate inclination of an ion trajectory which entered the aper- 
ture at an inclination ¢. This is a function of p, and is 
evaluated by treating the aperture as a thin lens; its maximum 
is, of course, at p = 0.54. See Fig. 1. 

Suppose we are given the specific impulse, which fixes the 
ion velocity and the corresponding acceleration voltage; a 
particular emitter current density is also specified, in order to 
reduce the ion generation loss to an acceptable value. One 
then is forced to accept a compromise between collimation 
and physical size of the individual accelerator unit, measured 
by the emitter radius of curvature R (Fig. 2). For example, 
with an emitter of 1-in. radius, a current density of 6 milliamp 
per square centimeter can be achieved only at the cost of a 
9% reduction in thrust due to lack of collimation. 
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The method employed for beam neutralization may impose 
requirements which allow little if any latitude in relaxing the 
collimation requirement. It is common practice to employ 
a deceleration stage to prevent electrons from entering the 
acceleration region. This introduces a second lens, which is 
convergent; it also increases the power of the first divergent 
lens, however. Beam collimation factor, ion emitter radius 
and current density still prove to be related. 

The original XE700 ion engine, proposed by Edwards, used 
an “‘accelerate/decelerate’”’ concept in which ions were to be 
drawn from a porous cylindrical emitter subtending a 60 deg 
arc through a slotted cylinder accelerating electrode, to a 
crossover point at the cylinder axis, subsequently diverging 
to essentially the initial emitter radius, where they would be 
expelled at an energy considerably less than the intermediate 
acceleration voltage. Since the efficiency of this configuration 
was very low, the problem was presented to the writer of 
adapting a Pierce electrode configuration to this symmetrical 
geometry. Just as in electron gun design, this involves more 
than merely determining appropriate shapes for beam forming 
and acceleration electrodes; refraction at each aperture must 
be considered. The design must start with specification of the 


emergent beam collimation and the emitter current density. 


These determine a characteristic unit radius R, which on the’ 
acceleration side is the emitter radius, and on the deceleration — 
side is a virtual anode radius, or point of space charge limita- 
tion (which the ions do not reach, since they emerge from a 
final aperture at the required energy). 
relative radius of the exit aperture, which behaves as a con- 
vergent lens, that is determined by the collimation require- 
ment. This and the emitter current density establish the 
unit radius R, and therefore also determine the radial poten- 
tial function, through the Langmuir-Blodgett relation (2) 


ro 


The Pierce electrode system must then be shaped, on each 
side, to match this potential function along the beam bound- 
ary (6). The resulting accelerating electrode turns out to be 
convex toward the emitter. It was therefore decided to re- 
produce it on the deceleration side, retaining the proposed 
crossover feature. Owing to refraction at the aperture and 
space charge spreading beyond it, this crossover lies beyond 
the original axis of convergence, and an elongated drift space 
is required (Fig. 3). Since the refraction is somewhat un- 
certain, for reasons to be discussed shortly, it was recom- 
mended that a focus electrode (‘‘einzel’’ lens) be placed in the 
drift space on the axis of symmetry of the system. The de- 
celeration electrode is located at the radius appropriate to the 
desired final ion energy (13). 

The accelerate/decelerate feature does not relieve the close 
dimension requirements; however, it does achieve a more 
uniform applied field at the emitter and therefore slightly 
higher perveance than direct acceleration. It is not correct to 
assert that accelerate/decelerate systems permit the limits on 
current density given by the Child-Langmuir Law to be 
overcome by a large factor. It was therefore recommended 
that a different design be made using a much lower inter- 
mediate voltage. 

The possibility that an alternative solution for the potential 
function may exist on the deceleration side was not investi- 
gated in this design because it is believed the electrode ge- 
ometry will tend to favor the symmetrical distribution desired. 
However, the potential function is often not uniquely deter- 
mined in a decelerating region (14). 

Aberrations of the lenses reduce the accuracy with which 
the beam is defined as it proceeds through the system. 

The most serious question concerning this analysis, how- 
ever, is in the neglect of space charge in and beyond the 
apertures. If the ion beam could be neutralized immediately 
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of curvature and resultant beam collimation factor 
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Fig. 3 Electrode configuration and space-charge free potential 
distribution for the XE702 ion engine design described in the 
text. Note that the high accelerate/decelerate ratio achieves a 
uniform applied electric field at the emitter but does not relieve 
the close dimensional tolerances imposed by space charge 
limitation 
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Fig.4 Diagram illustrating collimation of an initially convergent 
ion beam by an electrode aperture 


beyond the exit aperture, the assumption made in applying 
the aperture lens relation, namely, that E2 is zero, would be 
correct. For any realizable device, however, that is not the 
case and care must be used in applying the refraction formula. 
To understand this, we inquire into the derivation of this 
relation for an extreme situation. 

Consider (Fig..4) a wedge beam of ions of half-angle 6 con- 
verging from an emitter of radius R, to an accelerating elec- 
trode at potential V with an aperture of height h, chosen so 
that the corresponding beam radius ee 


[7] 


is the focal length of the aperture, so that this lens will create 
a parallel beam beyond the aperture. Let an electrode system 
of Pierce type be provided to constrain the parallel beam 
against transverse spreading. This beam will then form a 
virtual anode at a distance d beyond the aperture given by the 
Child-Langmuir Law (1), and an electrode is placed to receive 
these ions at this point. Since the same current flows on 
either side of the aperture, we equate cylinder flow (2) and 
plane flow (1) expressions for the current per unit axial length 


L + @ 
obtaining 
6/RpB* = h/d? [9] 
or 
(@ sin @)'/*/B = h/d [10] 
The electric field intensities on either side of the aperture 
are 
2 op | 
= +-—/1 11 
+ B d(log p) 
E, = —(4/3)(V/d) [12] 


both directed into the lens-shaped volume in which deflection 

takes place, bounded by a plane just beyond the parse 

and a cylindrical are of radius re slightly before it. 
We now apply Gauss’ law to this volume 


+ LSExdy — LSErds = Q/e [13] 


where Q is the enclosed charge, which ordinarily is small. 
An outward transverse flux f E7ds exists, since none of the 
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Fig. 5 Paraxial focal length of an aperture as a function of the 
space charge field just beyond it 


lines represented by the first two terms ends within the 
transition region. This is the deflecting field; it reduces the 
initial normal component v, of ion velocity to zero while re- 
taining the axial component ' 


= V20V 
The deceleration of v, is given by 
dvy _ dvy 
Since in the acceleration region 
vy = vz tan 0 [16] 
we find on combining Eqs. 14, 15 and 16 
E,dx = 2V tan 0 17 


Taking the transition volume boundaries at the aperture 
plane and on the cylindrical are of radius pR, and equating 


JS E,dz and { Erds, we find that Eqs. 11, 12, 13 and 17 
give 


ak + B 


2V tan @ = 


which upon reduction, evaluation of Q and introduction of the 
paraxial approximation 


1 28 1 186 


The solution of Eq. 20 for paraxial ions is p = 1. 
If the beam had been neutralized beyond the aperture, the 


created field in the direction of flow E, will be less than the 
extreme value assumed in this treatment; the beam will 
spread beyond the aperture unless constrained or neutralized, 
or other electrode apertures may be present, so that only a 
fraction, for instance 6, of this maximum retarding field will 
act. 


a in 1/8 would be absent. In general, the space-charge- 
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We can write, therefore, 


1 op 6 1 6? 
2 


where 6 lies between one (for the fully space charge limited 
situation) and zero (for the case of immediate neutralization). 

Fig. 5 shows the paraxial focal length (@ ~ 0) for various 
values of 6. For 6 = 0, the case of no retarding space charge 
field beyond the aperture, we find that the beam is collimated 
by an electrode at a relative aperture of about 0.55; this is 
the result given by the conventional lens treatment. As the 
space charge field increases, however, the focal length in- 
creases. As the extreme space charge limited case is ap- 
proached, it tends toward equality with the emitter radius 
itself, and a collimated beam becomes impossible in the second 
region. 

It is therefore surprising that the assumption of zero field 
beyond an aperture is said to be satisfactory for electron gun 
design (11,12). The answer probably lies in the ease with 
which electron beams can be neutralized by positive ions 
formed from collision with residual gas molecules (15). Be- 
cause of this phenomenon, one must exercise caution in em- 
ploying electron analogs to predict the behavior of ion op- 
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The flight path equations for a missile over a flat Earth in a nannies gravitational field have been 
integrated in closed form under the following assumptions: Either the tangent or the sine of the 
thrust angle is linear with time; the atmospheric drag is negligible; burning rate and thrust are 
constant. Graphs of some universal functions are provided for computing the mass ratio, final 
velocity, altitude and range for a linear tangent turn that starts at the end of a gravity turn and 
terminates in level flight. The relations for computing the linear sine turn are simpler and more 
general than are those for the linear tangent turn. Graphs are also given for the universal function 
of two parameters required to compute the coordinates and velocity for the general linear sine turn. 


HEN either the eu or the a" of the thrust angle 
varies linearly with time, the equations of motion for a 


rate and thrust. Because of the simplicity of the formulas 
they are valuable for preliminary studies in missile trajec- 
missile over a flat Earth in a constant gravitational field can tories. The linear tangent trajectory is especially practical; 
be integrated in closed form for constant values of burning as has been shown by Fried (1)?, under the foregoing assump- 


= eeaiiiaih tia 5, 1960. tions this thrust program maximizes the altitude for launch- 
1 Staff Member, Mathematics Research. Member ARS. 
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ing a satellite. Also, Lawden (2) has proven under the same where r equals y at the end of the turn. 
assumptions that the linear tangent thrust program will make Solving for r leads to 


any function of the final velocity components and altitude a 


stationary value. Thus the linear tangent trajectory will be r = ai(a2 + tan 9) 


optimum for a large class of missions. In this paper the tra- where ioe 
jectory equations for a linear time variation of the sine and » bay 
of the tangent of the thrust angle are integrated. Universal ee a = (y — 1)/(tan ¢, — tan ¢;) 
curves are given for computing the endpoints of trajectories ro 
by the linear tangent turn to obtain level flight when the 
initial conditions are defined by the end of a gravity turn a2 = (tan d; — vy tan ¢;)/(y — 1) [10] 
The relations for the linear sine term are simpler than for Eq. 5 with the substitution of Eq. 8 yields 
the linear tangent term, and for this reason they may be used dé ; ¢ sec dd 
to approximate the linear tangent turn for small thrust angles. aw B + (1/8) f ican Seaeae [1] 


Results for a 90 deg linear sine turn, for which the thrust is 

aligned with the velocity at the beginning and at the end of With tan 0, equal to az 

the trajectory, are given in simple analytical and graphical = 

form. = —Ccos { 


tan[(@ + )/2] [12] 


tan [(¢: + 4:)/2] 


The horizontal coordinate is found by integrating Eq. |1 
The equations of motion for a missile in a constant gravity with respect tor. After integrating by parts, we obtain 


Equations of Motion 


& = —u(r — 1/8 + (7/8) f° see + tan (1/8) r sec + tan 9) 


By means of Eqs. 5 and 11, this becomes 

& = (um — ru)/B — log 

+ sin ¢ — sin (13] 

1 — sin ¢/ \1 + sin 

To find the vertical velocity we substitute Eq. 8 for r into 
Eq. 6. Thus 


field are given by 
= I,gu(cos 


where 


x, y = Cartesian coordinates of missile 
I, specific impulse of fuel 
«= burningrate 
@ = angle of thrust with respect to z-axis h * 

g acceleration due to gravity 2 


dn/dr = (r + (1/8) f° x 
sec tan d6dd/(az + tan [14] 


The dot over a letter signifies differentiation with respect By simplifying and integrating, we arrive at 


v =», + (r — — (1/2) log [(1 + sin — sin ¢))/(1 — sin + sin — au — [15] 


to time ¢t. It is convenient to introduce into the equations a We find the vertical coordinate y by integrating Eq. 14 
new independent variable r, the instantaneous missile mass with respect to r. After integrating the double integral by 
ratio. For constant burning rate u we have darts, we obtain 
r=1— pt/m m = — 1rv)/B + (7? — 1)/26? — 


a,(sec @ — sec [16] 


where m, is the initial mass. Introducing the dimensionless 
coordinates and velocity components 


Calculation of Trajectories That Start With a 
v= Gravity Turn and Terminate With the Tangent 


ona 


into Eqs. 1 and 2 yields of the Thrust Angle Linear in Time 
— BE 8 For a missile that goes into a glide at burnout, the powered 


ight must follow a gravity turn to some specified altitude 
i n” = —1/6? + sin v= [6] in order to minimize the loads on the wings and control sur- 


where 8 = I,u/m, = T/w, is the initial thrust to weight ratio, faces. Let us suppose that it is desired to place the missile 
and primes denote differentiation with respect to r. of weight w, at burnout at an altitude of yn; with a horizontal 
I. velocity of uy. Then for a given fuel and burning rate, the 
General Turn With the Tangent rT oe * final thrust to weight ratio 8, is known. Furthermore, we 
$2 _ require the missile to follow a gravity turn up to an altitude 


of the Thrust Angle Linear With Time of m; and a linear tangent turn to the altitude n;. Then the 


Let us assume that the thrust angle ¢ varies between the + ceenened 


angles ¢, and ¢; in such a way that the tangent of ¢ is linear uy ” — ™ By 


with time. In terms of the new variable r we have ‘ } 
are known for the linear tangent phase. The gravity turn 


tan @ = (r — y)tan ¢,/(1 — y) + phase may be computed by matching the initial conditions 
(1 — r)tan ¢;/(1 — y) [7] U, 0», and ¢; with the calculations from (3). Since w, v, and 
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Fig. 1 Graph of universal function y, vs. initial thrust angle 
¢ for constant values of final to initial mass ratio y. Trajectories 
for the tangent of the thrust angle are linear with time starting 

from a gravity turn and ending in horizontal flight; ¢,; = 0 


@, are the terminal conditions of a gravity turn, they must 
satisfy 


tan = ‘Uy 


Fried (1) has shown that the thrust programming that 
maximizes the altitude for a given final velocity is the one 
for which the tangent of the thrust angle is linear with time. 
It seems likely, therefore, that fora given fuel, burning rate, 
and initial conditions, the trajectory of this kind which yields 
the correct end conditions would also be an optimum tra- 
jectory for fuel consumption. In addition, the optimum of 
this family could be expected to occur if the thrust is aligned 
with the velocity at burnout. Because of these considerations 
it seems worth while to explore these trajectories to find the 
smallest initial weight vehicle which will yield the given end 
conditions. 

For any specific choice of the final thrust angle @¢,, it is 
possible to construct a set of universal curves for calculating 
the linear tangent trajectories that start from the end of a 
gravity turn and terminate in level flight. To eliminate 
the final thrust to weight ratio, we write 


tan ($y + 
tan (gi + 6,)/2 


1 — sin ¢,\ /1 + sin 
= '/2 log + sin (| — sin al 
8] 


yi = —cos | (17 ] 


vs = vo + (y — 1)(see — sec gi)/(tan — tan ¢;) 
{19 


tan 0, = (tan ¢; — y tan ¢;)/(y — 1) 


The quantities yi, Ye and ¥; may then be given in terms of a 


the initial and final values of the physical variables by 
vi = us — cos [20] 
v2 = sin — (1 — 


= yBsh — (1 — ¥)?/2yBy [22] 


(21] 


where U, is the initial dimensionless velocity magnitude and 
h=n;—m. Fora given @y;, the quantity 6; can be plotted 
against ¢, for y equal to a constant. With 6; and ¢; known 
for each y, the quantities yi, Ye and 3 can be computed. 
The presentation of these functions can be in the form of 
graphs or tables for y equal to constant, with ¢; as the 
independent variable. 
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Fig. 2. Graph of universal function y vs. initial thrust angle ¢: 

for constant values of final to initial mass ratio y. Trajectories for 

the tangent of the thrust angle are linear with time starting from 
a gravity turn and ending in horizontal flight; ¢, = 0 


The computations of the trajectory endpoint values for a 
given choice of ¢; may be made in the following ways: 

1 Given—h, By; and y. From Eq. 22 ys; is uniquely de- 
termined. When y3 and y are known, then we can find ¢; 
from the universal curves or tables. Using y and qi, yo 
and y, become known. The velocities us and U; can then be 
computed using Eqs. 20 and 21. In this way u;, U; and ¢, 
are uniquely determined by prescribing the final conditions 
h, By and y. 

2 Given—u,;, U, and ¢;. From Eq. 20, y is determined. 
The values of y; and ¢; enable us to determine y. By the 
values of y and qi, 2 and y3 are determined, from which 
8; and h can be calculated using Eqs. 21 and 22. Thus 
uy, U; and q; uniquely determine the trajectory. 

3 Given—U,, ¢:, and B equal to y6;. From Eq. 21 
2 becomes linear in y. From the universal curves with ¢; 
fixed, Y2 can be found as a function of y. The common solu- 
tion of these two relations determines the correct value of y. 
Using y and ¢,, the remaining quantities can be found from 
the values of y; and y; obtained from the universal curves or 
tables. 

After Ui, ¢1, Y, us, By and h are known, then the range &; is 
found from 


— &) = Ui cos di — yuy + 
(1 — — tan 0)/(tan — tan [23] 


For the case ¢; = 0, the functions and are plotted 
against ¢; for several values of y in the range 0.05 to 0.9 in 
Figs. 1, 2 and 3. To illustrate the calculations by method 1 
we consider an altitude change of 64,000 ft, a specific im- 
pulse of J, = 200 sec, a final thrust to weight ratio of 5, and 
a final to initial mass ratio of y = 0.3. The dimensionless 
altitude then becomes, using the acceleration of gravity as 
32 ft per sec? 

h = (64,000)/(200)2(32) = 0.05 


Then from Eq. 22, for y = 0.3, we obtain y; = —0.0883. 
From Fig. 3 we see that this value of 3 corresponds to ¢ = 
0.61 radians (35 deg), from which we obtain 


= —0.306 = 1.14 


By means of Eq. 21 and the value of ¥2 we obtain 


U, = 0.280 
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Fig. 3 Graph of universal function y; vs. initial thrust angle ¢, for 

constant values of final to initial massratioy. Trajectories for the 

tangent of the thrust angle are linear with time starting from a 
gravity turn and ending in horizontal flight; ¢,; = 0 
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Fig 4 Graphs of range Az, altitude Ay, final thrust to weight 
ratio 8,, and final to initial mass ratio y vs. final thrust angle ¢,. 
Tangent of thrust angle is linear with time; final velocity is 
horizontal and equal to 16,000 fps; specific impulse of fuel 
equals 200 sec; initial conditions result from a gravity turn 
ending with a velocity of 8000 fps and thrust direction ¢, = 34 deg, 
23 min (0.6 radians) 


In fps, the ree are 
= (0.280) (200)(32) = 

= 8770 fps 

Similarly, by means of Eq. 23, the range is 
Az = 400,000 ft 


The values of x1, Ye, ws and tan @, are given in Tables | 
through 5 of (4) for values of @; = 0.10, 0.05, 0.00, —0.05 and 
—0.10 radians. Generally, second order interpolation is 
needed for at least four figure accuracy. 

To illustrate the applicability of these tables we shall in- 
vestigate the influence of ¢,; on the parameters of the trajec- 
tory when the initial velocity vector and the final velocity at 
level flight are prescribed. Consider an initial speed of 8000) 
fps at an angle ¢,; = 0.6 radians (34 deg, 23 min), and a final 
velocity of 16,000 fps. If the fuel has a specific impulse o/ 
200 sec and the acceleration of gravity is 32 ft per sec?, then 


U; = 1.25 ly = 2.5 


With ¢; = 0.6 radians, then from Eq. 20 we obtain 
¥, = 1.46833 


Using this value of y, y was found for each choice of ¢; by 
applying Lagrange’s interpolation formula for three points 
to the data in Tables 1 through 5 of (4). With the values 
of y and ¢; known, yY and yz were found from the tables. 
Then the final thrust to weight ratio 8; was computed from 
Eq. 21, altitude h from Eq. 22, and the range frem Eq. 23. 

The results are graphed against ¢,; in Fig. 4. We note that 
; the range and altitude increase with increasing ¢,;, whereas 
- the thrust to weight ratio and final to initial mass ratio de- 


crease. For = Owe have 
final thrust to weight ratio = 3.41 a 
_ final to initial mass ratio = 0.2154 
range increment = 405.5 miles > 
altitude increment = 98.6 miles 


= General Turn With the Sine of the Thrust Angle 
a Varying Linearly With Time 


When the sine of the thrust angle varies linearly with time 

; between the values sin ¢; and sin ¢;, the equations of motion 

can be integrated in closed form in a way similar to that used 
for the linear tangent turn. Let 


(1 — r) sin [24] 
then 


.! = a;(a, + sin ¢) [25] 


as = (1— y)/(sin gr — sing) (26 


and 


« 
a, = (ysin — sin ¢;)/(1 — [27] 
Replacing r, by substituting Eq. 25 into Eq. 5 and integrating, 


7 yields 


[28] 


dé/dr = —w/8 + (1/8) f° cos? + sin 
—Bdt/dr, we have 


= addi — $) + cos — cos + 
H(¢, as) = H(q,, a4) [29] 
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Fig. 5 Universal function H(¢,a,) for several values of thrust 
angle # in radians. Sine of thrust angle is linear with time; 


0 < as < 1 
@ 
> 
| 
— 
where 


aytan (¢/2) +1+ V1 4 


[30] 


H($, a) = V1 — a? log | 


for |as| < 1 and 


ay — 1 


for |a4| larger than 1. Applying integration by parts to the 
second integration of Eq. 28 yields for the horizontal coordi- 
nate 


=(m—- ru)/B — — g1)/28 + 
(a3/48)(sin 2¢; — sin 2d) [82] 


To find the vertical velocity, we substitute Eq. 24 for sin @ 
into Eq. 6 and obtain, after integration 


[33] 


For the vertical coordinate we integrate the double integral 


by parts as in the foregoing and obtain, after some simplifi- 
pi going I 


cation 


m = (1: — + (7? — 1)/8? + 
(a3/4B)(cos 26 — cos [34] 


The expressions for 7, » and & are simple and easy to evalu- 
ate along the trajectory. The velocity u is somewhat more 
complicated. We note, however, that H(¢,a,) is a function 
of only two parameters and hence can be readily computed 
and tabulated. For the ranges 0 < a, < land1 < ay < 2, 
H(¢,a4) is plotted in Figs. 5 and 6, respectively, for ¢ = 0 
to 1.0 in steps of 0.1 radians; and the numerical data is given 
in Tables 6 and 7 of (4). With the aid of these tables or 
graphs, u along the path is easily computed from Eq. 29. 

For a complete 90 deg turn of the thrust vector, ¢ equals 
x/2 and ¢, equals 0. Then as = 1 — y, a = ¥/(1 — Y), 
and the equations simplify considerably. For the terminal 


May 1961 


‘ 


| 
j 


10 20 25 30 


H(t) 


Fig. 6 Universal function H(¢,a,) for several values of thrust 
angle gin radians. Sine of thrust angle is linear with time; 


i <a; <2 


coordinates and velocity components, we obtain, with wu = 
=0 


2(1 — y) 


— V1 [35] 
(1+ V1 — 2y)(1 — — V1 — 27) 


= 


for y < 1/2 and 


Fig. 7 Final dimensionless horizontal velocity wu; and product of 

dimensionless range ¢, with initial thrust to weight ratio 6 

vs. final to initial mass ratio y. Complete 90 deg turn with sine of 

thrust angle varies linearly with time; thrust is aligned with 
velocity at beginning and end of trajectory 
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for y > 1/2 a = (1 — y)/(tan g: — tan ¢y) 
a = (y tan — tan vy) 
—n = (y—1)/B+ +1 [87] as = (1 — y)/(sin — sin 
as = (ysin — sin gs)/(1 — y) 
BE; = —yuy + x(1 — )/4 [38] 8 = initial thrust to weight ratio 
8; = 8/7, final thrust to weight ratio 


— ny = — 2— 1)/6? 1 — y)/2 
(m1 + + ( 7)/28 y = ratio of final mass to initial mass 
[39] = thrust angle 
If the velocity is horizontal at r equal to y, then v; equals 0 a ut “i ‘onl 
and the ratio of final to initial mass is determined by the ¢ = S/57¢; Goes rang 
apes! n = y/I,’g, dimensionless altitude 
initial values of the vertical velocity and of the thrust to » = burning rate 
weight ratio. The quantities uy; and B&; are functions of y v1 = defined in Eqs. 17, 20 
alone and are shown in Fig. 7. Once 1, y and B are known, v2 = defined in Eqs. 18, 21 
the increase in altitude is easily calculated from Kq. 39. ; 3 = defined in Eqs. 19, 22 
} 
g = acceleration of gravity ee 43 f = denotes final value 
h = m — ny, increment of dimensionless altitude 
I, = specific impulse of fuel 0 References 
m = instantaneous mass cf missile 
t = time = 1 Fried, B. D., the Powered Flight Trajectory of an Earth Satellite, ’ 
T = thrust Jer Propusion, vol. 27, June 1957, pp. 641-643. 
2 Lawden, D. F., “Optimal Rocket Trajectories,’’ Jer PROPULSION, vo!. 
r = ratio of instantaneous mass to initial mass 97, no. 12, Dee. 1987, p. 1263 
U. = dimensionless velocity magnitude at end of gravity turn 3 Culler, G. J. and Fried, B. D., ‘‘Universal Gravity Turn Trajectories,’ 
u = &/I,g, dimensionless horizontal velocity J. Appl. Phys., by p. 672. 
4 Ehlers, F. E., “On the Trajectories of a Missile in a Constant Gravity 
° y/19, dimensionless vertical velocity shi Field with the Sine and the Tangent of the Thrust Angle Varying Linearly 
= ] ht 
w = missile weig ; with Time,’’ Boeing Scientific Research Laboratories Document D1- 82- 


z,y = Cartesian coordinates 0069, Seattle, Wash., Oct. 1960. 


= 
Guidance of Tiros 


Bell Telephone Laboratories, Inc. 


The Tiros I meteorological satellite was launched April 1, 1960. Tracking data collected by the 
National Aeronautics and Space Administration indicate that the weather satellite is very nearly in 
the intended circular orbit. The purpose of this paper is to describe the guidance constraints on 
the Tiros I orbit and to indicate the method for the in-flight compensation of the orbit for non- 


nominal missile parameters. 


LOSED loop guidance of the Tiros I launch vehicle was stages. The third stage was a spin stabilized solid rocket. 
used to minimize orbital dispersions caused by non- A summary of the Tiros orbit derived from Minitrack data is 
nominal missile and flight parameters. The satellite, which shown in Fig. 1. As shown in the figure, the orbit has an 
was placed in orbit April 1, 1960, by a three-stage modified eccentricity of 0.004, which is approximately the same as the 


ellipticity of Earth. The mean altitude is within one mile 
ee of the intended 388 nautical miles (1).4 

. ‘ ; After a brief description of the guidance system and mission 

Re d July 12, 3 2 

tite wate one the constraints placed on the final orbit will be explained. 


! This work in connection with the NASA Tiros I Project was : : : 
performed under Contract AF04(645)-5 for the Air Force Ballistic Then the procedure used to introduce these constraints into 


* Member of Technical Staff. Member ARS. 
3 Military Development Engineer. Member ARS. rv So 4 Numbers in parentheses indicate References at end of paper. 


Thor-Able missile, was guided by radio during its first two 
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e= 0.004 : 
i = 48.4° 
APOGEE = 405 NM 


PERIGEE = 373 NM 


the solution of the guidance problem is reviewed, including 


the method for computing flight constants. 


Guidance System 


The guidance system as shown in Fig. 2 consists of a ground 
tracking radar, a ground guidance computer and missile 
borne electronics. The missile borne equipment serves as a 
radar beacon to provide return pulses to the ground tracking 
radar and as the receiving portion of the command data link 
between the missile and the ground. The ground tracking 
radar functions as the transmitting portion of the data link 
but, more importantly, is used as a sensor to determine the 
missile position (2). 

In operation, the missile position data from the ground 
tracking radar are transmitted to the guidance computer. 
The computer is programmed to accept these position data 
and to produce corrective pitch and yaw steering orders and 
engine cutoff commands at the appropriate times. 


Missile Control 


The Tiros I trajectory is shown in Fig. 3. For the first 90 
sec of first stage operation, the flight was open-loop in the 
sense that the ground radar merely tracked the missile. 
From 90 sec on, the guidance loop was closed, and the missile 
was steered in pitch and yaw until just prior to first stage 
cutoff. The missile was then staged and the guidance loop 
closed again just after second stage ignition. The missile 
was then steered in pitch and yaw until just prior to second 
stage cutoff. At this time the guidance system issued a dis- 
crete command to set the pitch programmer output in the 
missile to zero. This was followed by a series of three more 
discrete commands: (a) to fire the rockets on the third stage 
spin table; (b) to cut off the second stage engine; and (c) to 
initiate third stage separation and to start the coast timer. 

The coast timer ran for approximately 400 sec after which 
the third stage was ignited and the payload injected into orbit. 
The third stage was unguided. 

The task of the guidance system was to place the second and 
third stages at the proper position, velocity and attitude at 
second stage cutoff so that a circular orbit would be achieved 
with a nominal third stage, where nominal applies both to the 
spin stabilization and to the velocity impulse. 

Basically, the guidance problem consisted of: (a) measuring 
the position, velocity and attitude (really the acceleration 
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Fig. 2 Radio guidance system 


vector) of the missile; (b) determining the proper constraints 
on the position, velocity and attitude to fulfill the mission; 
and (c) generation of corrective pitch and yaw steering orders 
and discrete commands on the basis of (a) and (b). 

Of particular concern here is the determination of the con- 
straints on the position, velocity and attitude. The measure- 
ments and corrective orders are control system design prob- 
lems and will not be covered except as they interact with the 
problem discussed here. 

In the Tiros I mission, the missile was steered in pitch and 
yaw to make the attitude at second stage cutoff the same as 
the nominal attitude on the pre-flight trajectory. The steering 
scheme, because it was sufficiently insensitive to non-nominal 
missile parameters, permitted the assumption of nominal at- 
titude of the selection of the remaining constraints. 

The eccentricity and inclination of the orbit were controlled 
by means of the three components of missile velocity at second 
stage cutoff (3). As mentioned before, the missile could be 
assumed to have a known attitude at cutoff, but non-nominal 
missile parameters could be expected to result in position 
dispersions at the end of guidance. In-flight compensation for 
these dispersions was obtained by altering the second stage 
cutoff velocity. 

Since the missile was steered almost from the ground, the 
position deviations at cutoff in the pitch and yaw directions 
could not be large. In the forward direction, the expected 
deviations could be predicted with a high degree of confidence 
from information based on previous Thor-Able flights. Under 
these conditions, then, the function relating required missile 
velocity and measured position could be expressed by only 
the linear terms in a Taylor series. Three such functions 
were used for the in-flight computations, one for each com- 
ponent of velocity. The functions specified how each of the 
velocity components should be altered to compensate for the 
measured position deviations. 

The partial derivatives involved in these three Taylor 
series were computed using a simulation of the coast period 
and third stage powered flight and a spherical Earth evalua- 
tion of the final orbit. The details of the computations are 
described in the following sections. In essence, the process 
consisted of: (a) assuming five of the six position and velocity 
coordinates at second stage cutoff to be nominal; (b) per- 
turbing the sixth coordinate, e.g., the pitch position as shown 
in Fig. 4; (c) determining, by simulation of the coast in- 
terval and the third stage, the effects of the perturbed coordi- 
nate on the radial distance, velocity magnitude and flight 
path angle at third stage cutoff and the effect on the orbit 
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inclination. The six sets of data so derived were then com- 
bined by the procedures described in the following section 
under the condition that a circular orbit at the nominal in- 
clination be achieved. This process yielded the partial 
derivatives of the Taylor series from a total of only six 
simulation runs and some straightforward computation. 


Computation of Cutoff Conditions 

In this section, we shall discuss the details of the method 
used for determining the second stage cutoff velocity coni- 
ponents (which we shall call “cutoff conditions’’) so that the 
final orbit has the correct form. We may express the problem 
more explicitly in the following way: Let us call the vector 
velocity and position at second stage cutoff 7. and Re, and the 
corresponding vectors at third stage cutoff, 7; and R;. Then, 
if we have a fixed coast time and a specified third stage whose 
velocity is added in a fixed direction in inertial space, it is 
obvious that two vector functions f, and fz exist such that 


Fig. 3 Tiros I trajectory 


Vs = fil V2, Re) R; = fo( V2, Re) 


The problem is, given any /2, to determine a function fs, suc): 


that 


= fal Bs) [2] 
under the condition that 7; and R; cause the satellite to 
describe a circular orbit with the proper inclination. Thus 
our problem is that of determining f3. As part of this problem 
we shall also compute fi; and fo. All three of these functions 
will be expressed as Taylor series expansions about the 
nominal cutoff point. 

Before considering the details of the computation of these 
functions it is necessary to discuss two important concepts: 
(a) the role of the “nominal” trajectory and (b) coordinate 
systems. 

A “nominal” trajectory, computed for a given missile, in- 
dicates the missile’s position, velocity and attitude as a func- 
tion of time, assuming the missile has given values of thrust, 
weight rate, turning rates, etc. The cutoff points for the 
ee _ second and third stages on this trajectory, which we shall call 
Dx, Ro, Fo and Ry, are such that the satellite goes into its 

proper orbit. Thus these vectors satisfy Eqs. 1 and 2. If 

every missile had the same parameters as the missile used for 
the nominal trajectory, then it would be unnecessary to de- 
termine the function f;, because every missile would cut off 
with the nominal vector. However, no missile will have ex- 
actly the same values for all of these parameters. The princi- 
pal deviations are caused by propulsion and’ autopilot varia- 
tions. The guidance system must compensate for these 
deviations; but since the guidance system can only control 
three things (the three components of velocity in the case of 

Tiros), it cannot make a non-nominal missile arrive at both 

nominal cutoff position and velocity vectors. However, by 


~ 


chr measuring position, the guidance system can cause the cutoff 

ie ii velocity V2 to be a desired function of cutoff position Re. 

This function is fs in Eq. 2." The functions fi, fe and fs will be 

Notes: z-axis is in the horizontal plane; y-axis is at azimuth determined as Taylor series expansions about the points Vx, 
angle A» from true north, and at elevation angle Ey above hori- Rx», V30and Ry on the nominal trajectory. 

zontal; the z-y plane is the pitch plane; the z-y plane is the yaw The coordinate system used for measuring V2 and R¢z is 

plane; the y-axis passes through a nominal missile at second stage shown in Fig. 5. It isan Earth fixed, right-handed rectangular 

ee oe. hy CaF uh system with the origin at the radar, and with the y-axis pass- 

Fig. 5 Guidance coordinate system ort ing through the nominal second stage cutoff point. The y-z 


plane is the plane of the radar vertical, and the z-axis is in the 
plane of the radar horizontal. The orientation of the coordi- 
nate system is specified by the angle Ao, the azimuth of the 
y-z plane from north, and Ep, the elevation of the x-y plane 
above the local horizontal. One advantage of this coordinate 
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system is that at cutoff y is very nearly the total velocity of the (where the subscript 0 refers to the value on the nominal tra- 
missile, |V2|, and 2 and ¢ are approximately the pitch and yaw jectory), then it is only necessary to determine the various 
velocities. a partial derivatives. Linearity studies demonstrated that 
The coordinate system used for measuring J; and R; is higher order terms were negligible. The procedure used was 
more conventional. The vector J; is specified by its inertial to have all second stage values of position and velocity set 
magnitude V3, by the angle 7; makes with the local horizontal at their nominal values except for one component, e.g., #2. The 
a, and by the inclination 7 of the plane of V; (the inclina- resulting initial vectors were then integrated through the 
tion of the plane will be the final inclination of the orbit). Rs coast phase and the third stage to determine perturbed values 
is measured in spherical coordinates from the center of Earth. of V3, a3, R3 and 7. The process was repeated for each of 
We are now in a position to calculate the functions fi, fo and the six components. Linearity was tested by using several 
fs of Eqs. 1 and 2. However, there is a fourth function f; different values of the perturbed variable, and values of 
‘hich must be included. There must be some relation cross-coupling terms were checked by varying two com- 

ponents simultaneously. 

fARs) —_- [3] In order to get the actual function f;, it is more convenient 


to express Eqs. 6 as a matrix. 
If we let P; and P: be the column matrices 


included as a constraint to require the satellite to describe a 


circular orbit. If we wished a circular orbit at a given dis- i P V p 
tance from the center of Earth R,, and with an inclination — nad 3 i 
to. could be (3) a3 Y2 
22 
R; 
22 
7 and T the 4 by 6 matrix, where the elements of 7 are the 
: partial derivatives in Eqs. 
where k is the gravitational constant times the mass 
Earth. It is impossible to satisfy all of the conditions of Eqs. ; : ; 
4 by controlling second stage velocity, because we can only then Eqs. 6 reduce to ; 
control three coordinates of velocity, corresponding to three 
degrees of freedom. Eqs. 4 require control of four parameters. ; ma [P; — Pw] = T[P2 — Px) 
Therefore, for Tiros I it was decided not to control the radius es ; : 


the thind out, "The function that wacactwaily The matrix thus embodies both f, and 
The function f, can also be put in matrix form. The first 
ila aaind terms of a Taylor series expansion of Eqs. 5 would be 


‘ (a3 — a) = 
%) =0 


Error studies show that the mean radius of the final orbit will 
not vary from its nominal value by more than 10 miles in the 
most extreme cases. In terms of the Tiros I mission, this 
variation is insignificant. 


If we call — Vk/2R»*? a constant h, then Eqs. 10 reduce to 


The functions f; and f. in Eqs. 1 were calculated using a Vs — Va 00 0h V3; — Van 
three-dimensional simulation program. While they could 0 as — an | _ 11] 
have been computed analytically, machine methods were t —% 000 0 | -* 
much quicker. If we express f; and f2 as R; — Rw» 0001 R; — Rx 

If the 4 by 4 matrix above is called S, then Eqs. 1] are 
(Vs — Van) = (a2 — 20) +... + — 
[Ps — Pw] — — Pw] = 0 [12] 


— ty) +... + — Substituting Eq. 9 into Eq. 13 gives 


[1 — S)T[P: — Px] = [14] 
If we let a matrix = [1 — S]T, then Q will be a 4 by 6 
matrix. It is possible to reduce Eq. 14 to four equations, but 
[6] one of these is redundant. Three of the elements of (P2 — Px) 
May 1961 639 


on 
n- 
ial 
1X 
d 
j= 
e 
4 
| 
{ 
{ 
0 
| 


can then be expressed as functions of the other three. The we see that the matrix C embodies the desired function /;. 


choice that is made is to express the velocity components as Relation 16 indicates how cutoff conditions at the end of 
functions of the position components. Thus if we write Eq. second stage should be modified for a non-nominal missile to 

14 as a set of linear equations, we can reduce these equations to give a circular orbit with the desired inclination. 
; To recapitulate, the procedure is: (a) determine the 24 
Le — tm) = Cy(te — Tm) + Crel(ye — er elements of matrix T by perturbation studies on a digital 
wie uly ve) simulation; (b) determine the matrix [1 — S] from the 


(ye Yo) — tm) + — Yoo) + — formulas presented; and (c) solve the linear equations result- 
(22 — 2m) = — + — Ym) + — 200) ing from Eq. 14 to give the eqs. 15. 


1 Space Technology Laboratories, Inc., ‘Los Angeles, Calif., “STL Space 
Log,”’ vol. 1, no. 1, July 1, 1960. 

2 Felch, E. P., ‘‘Missile Guidance,’’ Bell Laboratories Record, New Yor‘, 
June 1959. 

3 Goldstein, H., ‘Classical Mechanics,’’ Addison-Wesley Publ. Cv., 
Cambridge, Mass., 1953 
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From the general perturbation equations expressing the rate of nodal rotation as a function of a 
disturbing acceleration, expressions are developed for both powered and unpowered flight. For the 
case of powered flight it is shown that, for a constant thrust acceleration directed normal to the 
= plane, payload is maximized for a thrust application angle (i.e., the central angle subtended 
during the time of the thrust application) of 67 deg. A comparison of chemical and electric pro- 
pulsion for rotating the orbital plane is presented. It is indicated that even under optimum condi- 
_ tions it is extremely expensive to rotate the orbital plane at 1 deg/day for an appreciable length of 
time. For the case of unpowered flight it is shown that a unique range of altitudes exists where the 
oblateness perturbation is sufficient to accomplish precession of the orbital plane at 1 deg/day at 
an inclination such that the satellite never enters the umbra. It is indicated that a satellite in 
such an orbit is interesting from a photogrammetry viewpoint since it sees alternately dawn-dusk 
_ conditions. The concept is further applied to the particular case of the 2-hr circular orbit. For 
this orbit the satellite retraces its path over the surface of Earth daily. It is suggested that the 
area coverage for such an orbit is sufficiently good to bring continuous global weather survey service 
within economic reach. 


Received June 6, 1960. 
1 This paper stems in part from a project sponsored by the Advanced Research Projects Agency, Depart- 
ment of Defense. The work has been monitored by the Propulsion Laboratory, Wright Air Development 
-Div., ARDC, USAF, under Contract no. AF33 (616)-5919, SA/5(60-298). 
2 Research Engineer, New Devices Laboratory. Member ARS. 
_ § Senior Project Manager, New Devices Laboratory. Member ARS. 


ARS JouRNAL 


Pc 
im 
in 
TI 
Tl 
tu 
ac 
gr 
tig 
Nodal Rotation for 
= © 
| 
H 
- 
» 


Powered Nodal Motion 405 


Y EXAMINATION of the general perturbation equa- 


tions for the osculating elements of elliptic motion it is — 


immediately seen that the derivatives da/dt and de/dt are zero 
in the absence of the perturbing accelerations f, and f,, (1).4 
Therefore, more generally, it may be said that a and e are 
invariant to accelerations orthogonal to the orbital plane. 
The rigorous time variations of inclination and nodal longi- 
tude for a body moving under the influence of an orthogonal 
acceleration f,, and instantaneously in a Keplerian ellipse are 
given by 


dQ r sin u 


dt V1 — e sini 


di | r cos u ] 
dt LnatV1 — e 2 


If only very nearly circular orbits are considered then r may 
be taken as constant; and by the previous discussion a, n and 
e are rigorously constant in the presence of an orthogonal 
acceleration only. Thus Eqs. 1 and 2 are simplified to con- 
tain only the variables 2, 7 and ¢, where wu has been replaced 
by nt. Time t = 0 is the time of the nodal passage. Under 
this set of assumptions 7 may be eliminated and the resulting 
equation for Q is 
te sin (nt)dt 
= — 
” sin {i + ; [sin (nt) — cos at 


[3] 


where a has been replaced by r, where % and ® are constants 
to be defined later and where the scheduling of f,, as a func- 
tion of time will be described in the immediately following 
paragraphs. Similarly, for the associated variation in 
inclination 

[4] 


] (x/2) 1/n 
nr l/n (nt) * fudt 


At this point it will be assumed that a satellite is moving 
about a spherical planet of radially varying density (i.e., in 
inverse square field) and that it is desired to alter the nodal 
longitude of the satellite orbit. Then by Eq. 1 it is seen that 
a propulsion device in the satellite must produce an accelera- 
tion f. in order to vary Q. 

If, in Eqs. 1 and 2, f. is constant in both sign and magni- 
tude there will be no net change in Q or 7 from period to 
period. However, if f. is constant in magnitude or zero, and 
varies in sign such that the product sin (nt)f, is either always 
positive or always negative, then Q will always give, respec- 
tively, an increase or decrease in Q. In particular, if f. is 
varied as in Fig. 1, the node will precess (increase) while the 
inclination varies in an intermittent sinusoidal manner but 
shows no net secular change. The f, thrust program chosen 
in this manner is consistent with a constant thrust accelera- 
tion engine and leads to simple mathematical results which 
permit parametric study. 

The angle ®, the thrust application angle, has been intro- 
duced as an additional variable affecting the time needed to 
perform a given AQ. For precessing 2, by a satellite born 
engine, the thrust is applied positive in quadrants I and II 
and negative in quadrants III and IV and through an angle 
2® situated symmetrically about the points of highest and 
lowest latitude (i.e., nt = 2/2 and nt = 37/2). The rela- 
tionship of ® to the satellite orbit is shown in Figs. 3 and 4. 
For the small thrust accelerations compatible with con- 
tinuous thrust engines the amplitude of the sinusoidal vari- 


* Numbers in parentheses indicate References at end of paper. 
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Fig. 2 The relative error of approximating Eq. 3 by Eq. 6 asa 
function of orbital radius y and thrust acceleration /,, 
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bound on f./g. 
ee as hen integrated within a quadrant, yields 


ation in 7 is quite small and is given by 


(1 — cos ®) 


At = 


This follows directly from integration of Eq. 2. In Eq. 3, 
fo/g may be assumed to be small in comparison with i); hence 
io May assume its maximum value of 7/2. For continuous 
propulsion engines 10~-* may be taken as a realistic upper 
Therefore, under this assumption, Eq. 3 


6] 


AQ/quadrant = 
/quadran 


This effect on the nodal motion is shown in Fig. 3. The error 
in AQ per quadrant induced by assuming the denominator in 
Eq. 3 to be constant is shown in Fig. 2. This plot has been 
obtained by comparison of Eq. 6 with numerical integrations 
of Eq. 3. 

Another source of error in Egs. 6 or 3, though extremely 
small, is acquired by the substitution nt = u. By examina- 
tion of the motion of particles about an oblate spheroid it 
would be expected that the mean nodal motion would agree 
with the Keplerian mean motion to within at least one part in 
a million (2). (Here, also, the oblateness acceleration is 
nearly orthogonal and comparable in magnitude to that of 
low thrust engines.) 

Fig. 3 shows the detailed variation in 2 with time. In 
general, f.,/g will be a very small quantity and, consequently, 
the increase in Q is quite small for the quadrant through 
which the thrust acceleration has been applied. In view of 
this, the mathematics can be greatly simplified if the mean 
of this motion is taken to represent 2. This can be simply 
expressed from the slope of the dashed diagonal line in Fig. 3 


dQ dQ sin ® 
(*) - sin ) fe 


In this equation, © is a constant and therefore permits the 
following simple relationship between Q and time 


Eqs. 7 and 8 and the proportion of mission time to thrust 
application time 


give the following relation between the engine-mission param- 


eter J and Q 
The parameter J in this particular case is given by }f.?7'y. 
The significance and importance of J is fully discussed in (3 
and 4). The units of J are those of power per unit mass, 
The importance of J is that to maximize payload it is neces- 
sary to minimize J. In Eq. 10, the only variable with which 
J may be minimized is ®. On performing this minimization 
it is found that ©... = 66°784. In all ensuing discussions 
@ will assume this value. 
By parametrically examining Kq. 10 (see Fig. 5), it is readily 


seen that a mission requiring a Q over an extended range of 
time is very costly in that only small payload fractions may 
be expected. This figure presents both ballistic and con- 
tinuous propulsion requirements and their comparison through 
the common parameter of payload fraction (5). The costli- 
ness of this maneuver, both ballistically and continuous!y, 
may be seen by comparison of the Av or J required for a co- 
planar transfer in Earth’s field between a circular orbit and a 
nearly circular orbit in a specified time. For example, the 
J vs. T curve for a co-planar transfer between a circular 
200-mile orbit and a nearly circular (e < 0.04) 24-hour orbit 
is shown as the dashed lines in Fig. 5. = 

In view of this costliness for sustaining a Q over a period of 
many days, an alternative method for accomplishing this 
maneuver without the expenditure of Av or J is presented in 
the next section. 


Unpowered Nodal Motion 


Earth’s oblateness is often thought of as a natural perturba- 
tion whose effect is considered to be detrimental to main- 
taining a given satellite orbit. It will be the purpose of this 
section to present the results of investigations into this sub- 
ject, i.e., Earth’s oblateness (6,7), which show that the per- 
turbing influence of the oblateness can be used to accomplish 
a uniform nodal motion (in particular 1 deg/day). 

If Earth is assumed to be an oblate spheroid whose density 
varies uniformly with confocal ellipsoids centered about 
Earth’s center, then the gravitational potential function of 


Earth is 
| 


DR5 : 
(35 sin +3) +...| {11] 


U(r,8) = (3 — sin? B) + 


In this formula K and D are, respectively, Earth’s second 
and third harmonic coefficient. An extremely accurate 
representation of U(r,8) is obtained by truncating at the K- 
harmonic. On putting this truncated potential into the 
equations for osculatory elliptic motion under the effect of a 
perturbation, i.e., eq. 1, the following equation is obtained 
for the average motion of the line of nodes of a circular orbit 


Ku) cos [12] 


The corresponding variations in a and e are small and 
periodic, whereas the oblateness manifests itself most notice- 
ably and secularly in the orbital orientation parameters 
Q and w (7). 

If only circular orbits are considered, then, by Kepler's 


law, Eq. 12 becomes 


[13] 
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Fig. 5 Comparison of electric and chemical systems ” a the line of nodes uniformly in the 200-mile orbit Ai = 


In the following discussion, Eq. 15 will be applied to the 
problem of utilizing solar energy. 


[14] The usefulness of maintaining a satellite exposed to the 

sun at all times is manifold (8). The method of accomplish- 

where Qis in deg per day, and r, the orbital period, i is in — ing this mission is to rotate the satellite orbit line of nodes 
In Eqs. 13 and 14, the plus or minus sign indicates nodal eastward at a rate very nearly equal to one deg per day. More 
precession or regression, respectively. exactly, this rate is 360 deg/365.25 day = 0.9856 deg/day. 
If, in Eq. 13, Q is equal to 1 deg/day and the minus sign is This rotation will then compensate for Earth’s annual motion 
disregarded, there results a relation between the period on a about the sun in the ecliptic plane. However, Earth’s 
circular orbit and the inclination which will naturally precess motion is not linearly uniform due to the slight eccentricity, 
(or regress) the line of nodes by 1 deg/day. This is shown in and its orbit is not co-planar with the equatorial plane due 
Fig. 6 and in Eq. 15 to the obliquity of the ecliptic. Therefore the rotation 
+ = 3.80 cos*/? 4 [15] necessary to maintain a satellite orbit perpendicular to the 


sun’s direction (or, more generally, exposed to the sun) will 
vary slightly during the year and day, respectively. I’ it is 
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where 7 is in hours. 
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FOR A CIRCULAR ORBIT 


PERIOD OF REVOLUTION T IN HOURS 


INCLINATION, i 


7 Vs. 7 for circular orbits precessed (regressed) 1 deg/day 
by Earth oblateness, = 3.80(cos 7)3/7 


@ 


desired only to maintain the satellite exposed to the sun, 
then the consideration of the obliquity and the annually 
periodic effect of Earth’s eccentricity are merely of academic 
interest. 

Orbits defined by Eq. 15 may penetrate Earth’s umbra. 
If Earth’s umbra is assumed to be very nearly cylindrical, 
then the minimum inclination 7, for which a circular orbit 


does not enter the umbra is given by wi se 
sin! (R/r) = in — € Ti. [16] 


where ¢€ is the angle the equatorial plane makes with the 
elliptic plane, and where 7, is defined in Fig. 7. Line AB 
represent the edgewise view of the orbital plane at the time 
of the summer solstice (i.e., the time of the year at which a 
satellite in a circular orbit of radius r and inclination 7, would 
just touch the umbra). 

Therefore Eq. 16 and Fig. 7 define the necessary conditions 
for maintaining a satellite orbit completely out of Earth’s 
umbra at all times. These criteria are shown graphically in 
Fig. 8, where tm is plotted versus the i required for an un- 
powered Q = 1 deg/day. It is apparent from Fig. 8 that 
the sun-full-time orbits are those for which 7,, is greater than 
z; i.e., all orbits meeting this criterion are exposed to the sun 
at all times. 


Practical Application 


The cost of obtaining space environmental data is limited, 
to a considerable extent, by the lack of a suitable energy 
source for powering scientific instruments and telemetry 
equipment. Also the requirements of communication-type 
satellites are continually increasing with time, and further 
accentuate the problem of obtaining a low-cost power supply. 
Obviously, a satellite that is in the sun full time can ¢api- 
talize on this free source of energy. 

The possible uses for Earth satellites have been adequately 
covered in the literature (8). The purpose of this paper is 
to indicate that a particular class of orbits has considerable 
economic advantage. In addition these orbits have some 
unique properties which suggest specific applications. Fig. 
9 is a polar projection of the path of the substellar point of a 
satellite in a circular two-hour orbit inclined 88 deg to the 
equator. The two-hour orbit is particularly appropriate 
because it retraces its path daily. The satellite orbital height 
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is 1250 km and permits 34% coverage of the instantaneous 


hemisphere being viewed. By using this orbit, an economical 
global weather survey can be continuously accomplished. 
Not apparent from this plot is the fact that for the orbits 
under consideration the satellite sees alternately dawn-dusk 
conditions. The associated alternating shadows cast by 
high objects are also ideal from a photogrammetry viewpoint. 
Accurate continuous mapmaking could thus be accomplished 
by this technique. 

The philosophy underlying this suggested application is 
utilization of the forces of nature to our advantage, rather 
than expenditure of energy to overcome or to compensate 
for these forces. This is the proper approach to space 
exploration if we intend to remain economically solvent. 


Conclusion 


To rotate the node of a low-altitude orbit a reasonable 
amount by means of propulsive energy for a significant period 
of time is extremely expensive in terms of the propellant mass 
required. If propulsive energy must be used, electrical pro- 
pulsion becomes increasingly more favorable as the required 
time increases. Also, nodal rotation becomes more ex- 
pensive as the angle of inclination increases. In using elec- 
trical propulsion for this purpose the thrust should be applied 
normal to the orbital plane and only through the optimum 
angle of 67 deg. The thrust should be applied alternately 
positive, zero and negative, depending on whether a nodal 
precession or regression is desired. In contrast, for unpow- 
ered motion, it is found that nodal rotation may be ac- 


complished by Earth’s oblateness perturbation, thereby 
eliminating the propulsive energy requirement. Further- 


more, a large region of circular orbits exists such that Q = 
1 deg/day while the orbit is at all times completely without 
Earth’s umbra. Such an exposure is favorable with regard 
to the cost and weight of the power supply because of the 
free source of energy and the elimination of an energy storage 
requirement. Lastly it is concluded that a number of these 
orbits, particularly the two-hour orbit, are ideal for global 
veather surveillance and for photogrammetry purposes. 


Nomenclature 


a = semi-major axis of satellite orbit 
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ig.8 Criteria for maintaining a satellite exposed to the sun at 
all times by the nodal precession (regression) of Earth’s 


oblateness 

D = third harmonic coefficient of Earth’s potential function, 
D = 1.06 X 10 

e = eccentricity of satellite orbit 

f, = instantaneous perturbing acceleration component in the 
radial direction, positive when directed outward 

f; = instantaneous perturbing acceleration component. per- 
pendicular to the radius and in the direction of motion 

fo = instantaneous perturbing acceleration component per- 
pendicular to the orbital plane, positive when directed 
northward 

¢ = local acceleration due to Earth’s gravitational field 

h = satellite altitude above surface of Earth 

i = inclination of orbital plane to equatorial plane 

im = minimum inclinations at which a circular orbit is ex- 
posed to the sun at all times 

= initial value of 7 

I; = specific impulse 

J frdt 

K = second harmonic coefficient of Earth’s potential func- 
tion, K = 1.637 X 1073 

M, = original gross mass of vehicle 

M, = mass of payload 

n = mean angular motion, n? = 

r = radial distance from Earth’s center 

R = mean radius of Earth, R = 6371 km 

t = time 

T = total mission duration 

T, = total thrust application time 

u = longitude of satellite from the ascending node measured 
in the direction of motion and in the orbital plane 

U = potential function for an oblate spheroid 

8 = geocentric latitude 

powerplant specific mass 
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Fig.9 Path of substellar point on Earth’s surface as viewed from 
the north for a satellite in a 2-hr circular orbit inclined 88 deg 


to the equatorial plane 


= 


A = operator indicating incremental change in quantity 

Av = total velocity increment required for mission 

€ = obliquity of ecliptic, ¢ = 23° 27’ : 

u = strength of Earth’s gravitational field 

T = orbital period 

® = angle subtended at the focus by an orbital arc along 
which thrust is applied 

®opt = optimal value of ® for circular orbits, @op, = 66°.784 

w = angular distance eastward from ascending node to peri- 
gee in orbital plane 

2 = longitude of ascending node ye . 

% = initial value of 2 = + 

= 

2 = mean value of dQ/dt as given in Eq. 7 © 
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of spin axis attitude. 


apres of the early development work in the Tiros I Meteoro- 
logical Satellite Project developed under the auspices of 
the National Aeronautics and Space Administration, and the 
technical direction of the U. 8. Army Signal Corps, Contract 
DA-36-039-SC-78902, included the investigation of methods 
for counteracting the spin decay resulting from eddy currents 
induced in the satellite by its rotation in Earth’s magnetic 
field. One proposed method was to supply a torquing coil 
with current which is 180 deg out of phase with the EMF in- 
duced in the coil by Earth’s field, with the plane of the coil 
parallel to the spin axis. The resulting torque directly op- 
poses the vector torque generated by induced eddy currents. 
Analysis of the spin decay problem suggested the addition of 
another coil with its magnetic axis parallel to the spin axis for 
the purpose of “steering” or orienting the spin axis inde- 
pendently of eddy current effects. A means of accomplishing 
the desired control is described. The purpose of the paper is 
not to present an optimum design but to indicate a method 
of spin axis attitude control and describe one approach to sys- 
tem design. Improvements on the described system are in 
progress by Tiros II development engineers. 

The analysis is based on the geometry shown in Fig. 1. 
Orbital motion of the satellite is measured with respect to a 
nonrotating coordinate system x, y, z whose z-axis coincides 
with the Earth’s axis of rotation. Two Euler angles, a and 6 
position the satellite spin axis with respect to the z y z coordi- 
nate system. The satellite spin axis is an axis of symmetry. 
The zx’ y’ z’ system does not rotate with the satellite. 

Earth’s magnetic field is represented in Fig. 2 by the dipole 
moment M which is inclined with respect to the geocentric 
z-axis and rotates with Earth about the z-axis. 

The satellite carries a coil of magnetic moment M,. The 
torques about the satellite transverse axes x’ and y’ are com- 
puted as a function of satellite position, taking into account 
orbital precession, tilt of Earth’s magnetic axis, and rotation 
of Earth. The final result is a switching program for the 
satellite coil M,’ to provide a net average torque about a de- 
sired transverse axis while leaving the average torque zero 
about the other axis. 

Earth’s magnetic dipole moment is given by Stratton? 


M = M(isin 6 sin wet — j sin 6 cos wt + k cos 6 [1] 


Presented at the ARS 15th Annual Meeting, Washington, 

D. C., Dec. 5-8, 1960. 

a Senior Engineer, Advanced Project Analysis. 

2Stratton, J. A., “Electromagnetic Theory,’’? McGraw-Hill 
Book Co., Inc., N. Y., 1941. 
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A method is described for controlled torquing o: of the sa eatellite spin axis. A current-carrying coil is 
placed around or on the satellite such that the magnetic axis of the coil is parallel to the spin axis. 
: sa By appropriate switching of the coil current, torques may be generated which average zero about 
one transverse axis but have a net value about the other transverse axis. This paper outlines the 
required ground ane program and suggests a vane system configuration for control 
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The satellite position is leis by 


F=irt jy tke ~ ve 
The magnetic vector potential is given by — 
A = X 7) [3] 
The magnetic induction is “4 
B =VX A (4] 


Substituting Eqs. 1 and 2 into Eqs. 3 and 4 results in the 
following x y z components of B in terms of satellite position 
coordinates 


B. = {[2 (y? + sin 6 sin we + 


3x 

> (zcos — ysin 6 cos wl) 
r 


Up pie te, = 
/ 
/ 
/ 
/ 
1 
y 
j 
aQ= 
ASCENDING 
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x 
_ Fig. 1 Coordinate systems and orbital geometry 
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From Fig. 1, the satellite coordinates are given by 


j r(cos Q cos 7 + sin 6 sin Q sin 7) 
y = r(—sin Q cos n + sin % cos 2 sin 7) 
2 = r(cos & sin n) 


Yo simplify the expressions for the magnetic induction, J _ 


one may assume that Earth’s dipole coincides with the 
geocentric z-axis. The angle 6 would then be zero, and Eqs. — ad =) P< ‘. 
5, 6 and 7 would reduce, after substitution of Eqs. 8, to — x _ 
~ 
: Fig. 2 Rotat f Earth’ tic dipol 
B, = 9 K [cos cos Q sin 2n + sin 26 sin 2 sin? 
K [—cos @ sin Q sin 2n + sin 26 cos Q sin? 9] 
® = 
B, = K(3 cos? 6 sin? 7 — 1) “* T 7 7 
where K = 
The components of B along the satellite y’ and z’ axes 
N 
7=0 
The torque on the satellite is 
Fig. Coil current program for zero average torque on one 
T = (k’M,) X + j'By + k’B,) [10] transverse axis 
5-10 inelusive result in 
T. = a cos? n + ae sin? + a3sin2y + a, [11] 


T, = b; cos? 7 + be sin? n + b3 sin 2n + dy [12] 
0 


= A, sin (2n + WV.) + Nz 
T,’ = Aysin (2n + W,) + N, 


where 0 < Az, Ay. 
T, = L, sin 2n + Mz cos 2n + Nz [13] The torque is a double angle sinusoid having an amplitude 


A, a phase angle V and a vertical displacement N. A possible 
Ty = L,sin 2n + M, cos 2n + N, [14] switching program is qualitatively illustrated in Fig. 3. 


For x’-axis torquing, compute 7:1 and 7,2 from 


[16] 
which reduce to 


For a given spin axis attitude, the coefficients in Eqs. 
13 and 14 vary as a result of Earth rotation and orbital preces- oma . ‘dn = 0 (17] 
sion. However, during a single orbit the variation of the co- Nzi 
efficients as a result of orbital precession is negligible, and the 
variation with Earth rotation may be averaged over the orbit, 
so that for one orbit the coefficients may be considered con- 
stant at a particular computed value. For the purpose of 
computing an appropriate switching program for the satellite 


The average torque available on the 2’ axis is then 


dy 8] 


coil current, the torque equation coefficients are held constant There are any number of values of m and 42 which would 
during the interval An = 2m and are adjusted prior to com- make the average torque zero on one particular axis. The 
putation for the succeeding 27-interval. computation should select the interval which yields the great- 

The current-switching program for the satellite coil can now est average torque on the other axis. 
be specified such that either the torque 7’, or T',’ (as required) The computation program may = summarized as follows ies alll 
can be made to average zero over an orbit period, leaving a net 1 Compute the amplitudes A., A,; the phase angles V., 


average torque about the other axis. The general-form of the W,; and the displacements Nz, Ny. 
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2 Compute the torquing interval from Eq. 17, using 7’, 
or 7’, as applicable. 
3 Compute the average torque from Eq. 18, using T'y, or 


PERTURBED SPIN AXIS | 


applicable. 


System Operation 


Control of spin axis attitude may be effected through 
ground computation provided measurement may be made of 
the deviation of the spin axis attitude from its initial position 
as defined by the angles ap and &. The deviation of spin 
axis attitude is shown in Fig. 4 as A@ and Aé. The devia- 
tions are considered to be small, somewhat less than 3 
deg. The required correction is then obtained as a result of 
the following relationships 


Hd = T Hé => T [19] 


where H is the spin angular momentum. 

The average precession angular velocity is the ratio of 
average torque to spin angular momentum. The total correc 
tion available over a period of n orbits is 


~ 


1 w 
0 
with = 0. And 
t= T's 2m 


when 7'y = 0; a is the orbital angular velocity for a circular 
orbit. 
Fig. 5 is a block diagram of the control system for maintain- 
Fig. 4 Error angles for the attitude control system of Fig. 5 ing a desired spin axis attitude. 
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Fig. 5 Block diagram of spin axis attitude control system 


Numerical Results 


The results of a sample calculation are presented to illustrate 
the performance which can be realized from a typical system. 
To simplify the hand calculations, the angle 6 was assumed 
zero. This is equivalent to assuming a 11.5 deg change in 
orbital inclination. 

The torque is calculated for the following conditions 


6 =0 = 45deg 
=0 a 45 deg 

= 0 B 45 deg 

After substitution in the equations for coefficients, the re- 
sults for Eqs. 15 and 16 are 

KM,/({1.75 sin (2n + 0.548) — 0.194] [22] 
— Ty = KM,/{1.59 sin (2n — 0.34) + 0.53] [23] 


Using a 300-mile circular orbit, Eqs. 18 and 21 give _ 
ise 


= 3.5 —2 

= 3.52 X 10 

where M,’ is the magnetic moment of the coil and H is the 

satellite angular momentum. The following values are used 


ll 


Eq. 17 gives 


Nu = —1.23 radian nz = 1.04 radian 


for calculating M,’ and H 
weight of satellite = 200Ib 
radius of gyration = 12in. 
spin angular velocity = 10 rpm 
coil diameter = 30in. 
number of turns = 200 
current = 100 ma 


Iq. 24 gives € = 3.1 X 107*n radian, and the number of 
orbits required for a 2 deg correction is 


n = 2/57.3 X 3.1 X 10-3 = 10 orbits 


The average power requirement would depend upon the 
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torquing duty cycle and the weight of conductor. Using 6 Ib 
of aluminum conductor and assuming a duty cycle of 50%, 
the average power consumption is 32.5 milliwatt during a 
torquing orbit. 

It should be noted that anomalies in Earth’s dipole field 
do not seriously affect the performance of the system. An 
anomaly may simply be considered as a disturbance whose 
effects are corrected by the dipole field torque. 

A significant improvement over the switching program 
previously indicated would be quarter orbit reversal of current 
with appropriate phasing. 

Another approach to the design outlined is to use two per- 
manent bar magnets, one magnet having its axis fixed parallel 
to the spin axis and the other magnet being pivoted so that 
its polarity may be reversed with respect to the fixed magnet. 
The pivoted magnet would be rotated at the proper time to : 
give the equivalent of switching current ina coil. Preliminary 
design calculations for the conditions described in the paper 
give the permanent magnet system a 5 to 1 weight advantage fj 
and a 350 to 1 power advantage while developing three times 
the torque of the coil system. The main disadvantage of the 
permanent magnet system is the one moving part. 


Conclusions 


The contro] of spin axis attitude by electromagnetic 
torquing is a practical undertaking. The required equipment 
in the satellite consists of either a coil whose current may be 
switched on and off by ground command, or two permanent 
magnets, one of which is pivoted. The required computation 
on the ground would result in only a slight increase in the 
computation normally carried out for any satellite. The ac- 
curacy of the control is limited only by the accuracy to which 


the spin axis attitude can be measured. 
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| Theoretical Analysis of Heat Transfer 


to Gases in Smooth, Round Tubes 
Under Conditions of Turbulent 
Flow and High Flux’ fs 
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HE DEVELOPMENT of theoretical equations for pre- 
dicting the local heat transfer coefficient for fully de- 

veloped turbulent flow in smooth, circular tubes has been the 
subject of numerous studies since the original effort by 
Osborne Reynolds (1)4 in 1874. The major developments 
have been in terms of the analogy between momentum and 
heat transfer. Important contributions have been made by 
Prandtl (2), von Karman (3) and Martinelli (4). The most 
recent work has been that of Heffner and Franklet (5). None 
of these methods, however, considers the effect of variable 
fluid physical properties across the boundary layer. This 
effect becomes exceedingly important in the design of nuclear 
reactors and rocket engines. where large temperature dif- 
ferences exist between the gas and the tube wall with resulting 
high heat flux conditions. 

A comprehensive theory which accounts for the variation of 
fluid physical properties caused by large radial temperature 
gradients is the work of Deissler (6). The parameter in 
Deissler’s theory which accounts for the temperature gradient 
effect is termed beta, where 


CeGeTutuut 


A typical correlation calculated by Botje (7) from Deissler’s 
theory is given in Fig. 1 for helium gas. Negative values of 8 
correspond to cooling and positive values refer to heating. 
It is seen that the effect of large radial temperature gradients 
on the Nusselt number can be quite substantial. 

Deissler’s work represents a major advance in heat transfer 
theory; it has been quite successful in correlating experi- 
mental results for the heating of gases. In using the theory 
it is difficult, however, to attach any simple quantitative 
meaning to the parameter 8 defined in Eq. 1, and it is in- 
teresting to note that successful empirical correlations (8,9,10) 
have been made with the parameter t,./t, instead of 8. 
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Theoretical Development 


Because of the empirical success of using t/t, rather th:n 
Deissler’s 8, a rearrangement of Deissler’s equation was in- 
vestigated to discover a possible theoretical relationship be- 
tween 8 and t,,/ts. Such a relationship was determined for 
gas flow as follows. The resulting modified Deissler correl:- 
tion is much more amenable to physical interpretation and is 
more easily compared to experimental data and empirical 
correlations. 

For subsonic flow, where the skin friction heating effect is 
negligible, Deissler has shown that for a given gas with a con- 


stant specific heat and Prandtl number : 


The parameter @ is defined by Eq. 1. Substitutions for the 
quantities in Eq. 1 may be made as 


=h [1 — (tr/tw)] 3] 


‘ty, 


29. 


(TwPuge)'? = 


Tw 


BULK NUSSELT NUMBER 


= 


20 40 60 80 100 200 400 600 800 
BULK REYNOLDS NUMBER x 10-3 


Fig. 1 Deissler correlation by Botje for helium heat transfer 


<p1tor’s NOTE: 
review within a few months of the date of receipt. 


650 


The Technical Notes and Technical Comments sections of ARS JouRNAL are open to short manuscripts describing 
new developments or offering comments on papers previously published. 


Such manuscripts are usually published without editorial 


Requirements as to style are the same as for regular contributions (see masthead page}. 


ARS JourNAL 


= 
} 
] 
= 
] 
~ 
ex 
4 
] 
Therefore 
~ 
19] 
the 
= 
0.03 
‘ 
-0.05 | 
| 
| 
| 
| ] 
B=-0,100 | 
| 
| 
40 
i | 
20 
- 
i 


— IS 


Assuming the ideal gas law 


= EM (:)"- 


Eq. 5 becomes therefore $6 -4 


1/2 t, \'/2 fi 1/2 1/ 
(7 wP 3 ) Pollo = (4) 


By substituting Eqs. 3 and 7 into Eq. 1, we obtain 


t 
*) 


[9] 
Also, Deissler has shown that 


=¢(New 


By substituting Eqs. 8, 9 and 10 into Eq. 2, we obtain 


t 


11 
NrewN pro2(Nre; B) 


Nyw = Nee, 


Equation [11] is an implicit functional relation, which can 
be converted by inspection into the following explicit func- 
tional relation 


(12) 
4Vnup = P3\ Redy 
to} 
Also, by a similar procedure, it is easily shown that 
, bw 
fo ps Reby 4 [13] 
b 


Thus, for the conditions assumed, a direct theoretical substitu- 
tion of t,,/t, for B as a correlating parameter can be made. It 
should not be implied however that 8 is a function of tw/ts 
only. Actually, it is easily shown that 


= 


tw 
B = Neu [14] 
b 


For the case where frictional heating must be considered, 
ie., high Mach number, Deissler introduces an additional 
parameter termed the compressibility factor a. A similar 
mathematical development shows that Deissler’s functional 
relation for a specific gas 


Nyw = 6(N res, B, a) [15] 
can be replaced by 


‘ 
Nyw = New Nua) [16] 


where the heat transfer rate must be written in terms of the 
stagnation or total gas bulk temperature he. « 


= Ts) [17] 


Also, it is easily shown that under these conditions 


tw 
fo New T. Man) [18] 
b 
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Computer Calculations 


An IBM 7090 Computer Program was written to illustrate 
the application of the forementioned equations. As an ex- 
ample, the case of helium gas was considered and calculations 
were made to theoretically convert Deissler correlations based 
on Eqs. 2 and 10 to the new, simplified relations given by 
Eqs. 12 and 13. 

The Deissler correlations used were those calculated by 
Botje (7) for helium gas. They are shown graphically in Figs. 
1 and 2 for five values of 8. Assumptions made by Botje in- 
cluded cp, = 1.24, Np, = 0.71, and a = 0. 

Results of the illustrative computer calculations for the 
Nusselt number are given in Figs. 3 and 4. (Similar results 
were obtained for the friction factor.) Figs. 1 and 4 are ex- 
actly equivalent, the only difference being in the use of t../ts 
as the parameter in Fig. 4 to replace 8 in Fig. 1. It should be 
pointed out however that, as indicated by Eq. 14, a unique 
value of 6 does not correspond to a unique value of t,,/t, except 
for 8 = 0 which corresponds to t/t, = 1. From Fig. 3 it is 
seen that for a curve of constant t,./t, the slope is not always 
constant over the entire region as has been assumed in empiri- 
cal correlations. For the range covered, the exponent a in the 
empirical relation © (tw/t.)* varies between about — 0.30 
to —0.60, depending on the Reynolds number. This is in 
reasonable agreement with the average value of —0.55 found 
experimentally by Wolf and McCarthy (10) for a wide range 
of t../ts under conditions of heating. 

Further extensions of this analysis are currently being in- 
vestigated. The results presented here are being extended to 
include the development of generalized velocity and tempera- 
ture distribution correlations as well as Nusselt number and 
friction factor relations covering a wide range of ¢,,/t, ratio 
for a series of gases of interest. 

The authors wish to express their appreciation to the 
management of Rocketdyne for permission to publish this 
development. 


Nomenclature 
Cp = specific heat, Btu/lbm-°F 
fo = bulk fanning friction factor \ 

G = mass velocity, lbm/ft®-hr 

Ic = 4.17 X 108 lbm-ft/Ibf-hr? 

h = heat transfer coefficient, Btu/hr- ft?-°F 

J = 778 ft-lbf/Btu 

M = molecular weight, lbm/Ib mole 

Nua = Mach number 

Nyuw = bulk Nusselt number 

Np, = Prandtl number 

Nreo = bulk Reynolds number — 

Ns: = Stanton number " 
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Fig. 3 Theoretical heat transfer correlation for helium 


if 


= pressure, lbf/ft? 


P = 

= heat flux at the wall, Btu/hr-ft? ar 

R = 1543 lbf-ft/lb mole-°R 
= stagnation bulk temperature, °R 

= bulk temperature, °R 
‘i = wall temperature, °R ‘ 

u = velocity, ft/br 

Up = bulk velocity, ft/br 
u* = velocity parameter 

= compressibility parameter, R 

8 = heat transfer parameter fer 

¢ = mathematical function 

Pb = bulk density, lbm/ft® 

Pw = gas density at wall temperature, lbm/ft* ia 
Tw = shear stress at wall, Ibf/ft? rq 
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ig. 4 Theoretical heat transfer correlation for helium 
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EAT transfer in low Prandtl number fluids has been 
studied extensively in the past because of the importance 
of liquid metals in nuclear reactor technology. Morgan, 
Pipkin and Warner (1)* and Sparrow and Gregg (2,3) 
analyzed low Prandtl number flows with constant properties. 
This note considers such flows in the limit as the Prandtl num- 
ber approaches zero, but relaxes the restriction of constant 
thermal properties that was utilized in the above references. 
Thus, the analysis presented here makes it possible to evalu- 
ate the effects of variable properties on heat transfer in low 
Prandtl number fluids. 
Technical applications of such fluids are presently limited 
to liquid metals. However, it is possible to envision flows of 
radiating fluids which are so dense optically that the Rosse- 
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land diffusion approximation for radiant energy transport is 
justified. In such cases, the “radiation conductivity,” k, = 
(16/3)0T*Xpr (where o, T and Ar are the Stefan-Boltzmann 
constant, fluid temperature and Rosseland mean free path, re- 
spectively), could be much greater than the normal molecular 
conductivity and would be strongly temperature dependent, 
while the Prandt] number could be quite small. 

With the restriction of a very small Prandtl] number, the 
conservation equations for a low speed, two-dimensional flow 
are 


Mass (ow) (ot) = (1) 
Ou _ _ Op 
Momentum us, + pv [2] 

oT oT oO oT 
Energy > + pvcp (« [3] 


where standard nomenclature is used. The boundary layer 
version of the energy equation that is used requires that the 
Peclet number (Re: Pr) be large. Thermal properties will be 
allowed to vary with temperature, but are assumed to be 
independent of pressure. Only for the flat plate with du./dz 
= 0 and dp/dx = 0 will the analysis presented hold for fluids 
with pressure-dependent properties. The boundary condi- 
tions consist of 


y=0,T =T.,v=0 


where 7’, and 7’, are the surface and free stream temperatures 
respectively, and u, is the local external velocity. 
With the introduction of the Von Mises transformation 


(p./p) Wy (p./p) Wz [5] 


where p, is the free-stream density and yw represents the stream 
function, the continuity equation is automatically satisfied, 


v= 


and the inviscid momentum equation shows that u = u. 
Further, the energy equation becomes aan 
pcpOT O oT 
6) 
Ue or oy oy 


In the above form, the energy equation is readily recognized 
as the transient conduction equation with variable properties. 
At this point the following transformations are introduced, 


see (4) > 
Tk p Tek p 

n = [8] 
x= dx [9] 


where Ty is an arbitrary reference temperature and a, is the 
thermal diffusivity evaluated at the free-stream temperature. 
Further, it is assumed that the properties vary according to 


power-law relations 
ke \T.—T) To) cp \T.— To 

Eqs. 7 through 10 can then be used to reduce the energy 


equation to the following form for constant wall and free 
stream temperatures 


dn” 


[11] 
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HEAT TRANSFER PARAMETER * 
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a2 0.4 0.6 10 
Fig. 1 Surface heat flux potential Qy and reciprocal of surface 
heat flux potential 1/Qw 
7 @ 
6 
where m = ————-._ The property variations are further 
r+st+l 
restricted such that r + s # —1. The boundary conditions 
become 


r+s+1 

== = -¢ 
[12] 


©, 1 
When the temperature dependence of thermal properties is 
not restricted, the general form of the energy equation is ob- 
tained. In this case, kpc,,/k,o,c, replaces the lead quantity 
Q». Eq. 11 with m = 1 and different boundary conditions 
was solved by Hansen (5), in his study of heat diffusion in 
gases. 

Eqs. 10 and 11 can be solved numerically for various values 
of m and Q (0). Although the boundary conditions on the 
problem are “‘split’”’ it can be shown that Eq. 11 possesses self- 
similar properties and, as a result, the customary trial and 
error solution procedure associated with a split boundary- 
value problem can be avoided. To demonstrate the self- 
similar property of Eq. 11, let the dependent and independent 
variables be stretched by setting 


1 = 1 ‘ 
B a = 
where a and £ are constants. Substituting 13 into 11 gives 
am dQ 
— + 24 — =0 14 


In order for the differential equation to remain unchanged by 


the transformation it is required that - 
am/ B? = 1 


Hence if Q(n) is a solution of Eq. 11 then 


[16] 


= Xn) 

Q@ 

is also a solution, where a is any arbitrary constant. 
It is apparent that the transformation also alters the 

boundary conditions. This fact makes it possible to generate 

a family of solutions (dependent upon {2(0)) in the following 

manner. Assume a value of ((0) equal to unity and a set of 

values for 2’(0). For each value of ('(0), solve Eq. 11 


numerically, and use the transformation formulas [Eqs. 
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13 and 15] to obtain the Q(n) solution, noting that a = 

ie)" This technique was used to obtain a family of solu- 
tions depending on 2’(0) without a trial and error procedure. 
The solutions were carried out for values of m between 0 and 
1. The quantity of primary interest in this study is the heat 
transfer at the wall. In terms of the transformed variables 
the wall heat flux is 

22’(0) 


| 


1/2 1/2 


2 
(k. PL) 


ax 
0 
[17] 


The term 2’(0) was obtained from the numerical solutions. 
It can be obtained from Fig. 1, using the definitions given by 
Eqs. 10 and 12. The local Nusselt number based on free 
stream properties is 


T») 


qu 2’(0) —7T% 


Nu, = = x 


Ar+s+1)7.— Te 
Uk 


1/2 u 1/2 
dx 
0 


where the last term in parentheses is recognized as the Peclet 
modulus. 

It may be noted that large variations in the thermal proper- 
ties do not cause heat transfer rates which differ greatly from 
those which are obtained by considering the properties con- 
stant at free stream values. For example, if J) = 0,r = 1, 
s = ¢ = 0,and T./T, = 480 that the conductivity varies by 
a factor of 4 across the boundary layer, the heat transfer 
predicted by assumption of constant conductivity is only 399, 
more than the actual rate given by Eq. 17. 


we 


References 

1 Morgan, c. W., Pipkin, A. C. and Wastes, W. H., “On Heat Transfer 
in Laminar Boundary Layer Flows of Liquids Having a Very Small Prand:! 
Number,” J. Aero/Space Sci., vol. 25, no. 3, Mar. 1958, p. 173. 

2 Sparrow, E. M. and Gregg, J. L., ‘Summary of Low-Prandtl-Number 
Heat-Transfer Results for Forced Convection on a Flat Plate,”’ J. Aero. Sci. 
vol. 24, no. 11, Nov. 1957, pp. 852-853. 

3 Sparrow, E. M., ‘Analysis of Laminar Forced-Convection Heat Trans- 
fer in Entrance Region of Flat Rectangular Ducts,’’ NACA TN 3331, Jan 
1955. 

4 Edwards, D. K. and Tellep, D. M., ‘“‘Heat Transfer in Low-Prandt!- 
Number Flows with Variable Properties,’’ LMSD 703093, Sept. 1960, Lock- 
heed Aircraft Corp., Missiles and Space Div., Sunnyvale, Calif. 

5 Hansen, C. F., ‘‘Heat Diffusion in Gases, Including Effects of Chemica! 
Reaction,” 


ARS Journat, vol. 30, no. 10, Oct. 1960, pp. 942-946. 


Electrical Conductivity of Ionized 


in Thermodynamic Equilibrium 
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KNOWLEDGE of the electrical conductivity of air in the 
presence of a low frequency oscillating electromotive 
force is often required for estimation of various magnetogas- 
dynamic effects. Unfortunately, however, neither data nor 
calculations exist which define this property over an extensive 
range of pressure and temperature. To fill an_inereasing 
need for such information the electrical conductivity of 
ionized air has been calculated as a function of temperature 
and pressure. 

If the ionized air is considered to be an isotropic medium in 
thermodynamic equilibrium without a strong influence from 
magnetic fields, the equivalent electrical conductivity (o) de- 
fined by Ohm’s law under an oscillatory applied field can be 
derived from the equations of motion for an electron and may 
be expressed by (1)8 


ho/met 
m \v? + w? ‘ 


(1] 


where (mks units are used) 


nm. = number of free electrons per unit volume 
m, = rest mass of an electron an ==. 
e = electron charge 

w = applied frequency 

vy = collision frequency between an electron and other 


particles in air 
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y= i/r 
where 
5 = mean thermal velocity of an electron between two 
successive collisions 
\ = mean free path between two successive collisions 
One ean also define \ by (2) « Ya 
: 1 
7 
where 
ny; = number of type j particles in air per unit volume 
Q; = velocity averaged electron diffusion cross section of 
type j particles 
Combining these equations results in we 
-- (5) 


particles. 
panded as follows 


For the w case 


o = —[- 
me \v 


(njQ;) 


From (3) it was found that the electron is most affected by 
charged particles at “large distances’ (outside the electron 
cloud) from these particles. In this region of influence the 
nature of the different charged species is masked by the mag- 
nitude of their charge. Hence, all the singly ionized (+ or 
—) atoms or molecules can be considered as one species with 
an effective electron diffusion cross section. Similarly, the 
doubly and triply ionized species can be handled as separate 
Thus, the mean free path of electrons can be ex- 


nQ; = MnQn + + mor Qor + 


n 


[6] 
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where 


number of neutral particles of type n per unit 
volume 


% Q, = averaged velocity for electron diffusion cross section 
; of type n neutral particles 
® ni+ = total number of singly (¢ = 1), doubly (¢ = 2), or 
¥ triply (¢ = 3) ionized particles per unit volume 
% Qi+ = effective electron diffusion cross sections of the 
‘ singly (¢ = 1), doubly (i = 2), or triply (i = 3) 
ionized particles 
The species used in the calculations were . 

neutral: NO, Os, N, 0, A 

ionized: NO*, O.*, 0.-, N*, Ot, O-, At, N**, 
er O++, At++, N+++, O+++ and e- 


The number densities of these particles were taken from 

Gilmore (4). 
\- Values of the diffusion cross sections were either found i 
= references or calculated from the best available theory. The 
are from Massey and Burhop (5) for all the molecular species, 
from Lamb and Lin (6) with a graphical extrapolation beyond 
8000 K electron temperature for O and N, and from the 
theory of Spitzer and Harm (7) for all the ionized species. 
The electron temperature T involved in this report is derived 
on the basis of the equation 


= (3/2) 
= - 
E, = mean electron energy before collision _ 
k = Boltzmann’s constant 


A more detailed discussion on the various diffusion cross _ 
sections is in order for subsequent calculations. The values — 
taken from (5) are from Townsend’s experiments and are 
quite extensive and adequate for the molecular species. 
The cross sections for O and N are given in (6) only up to an 
electron temperature of 8000 K. ‘There seems to be a certain 
amount of uncertainty regarding the nature of interactions 
between atoms and electrons as indicated by (6). It has been 
shown, however, in (8) that the polarization effect decreases 
monotonically with increased temperature, becomes insig- 
nificant around 8000 K, and the combined effect of atomic 
core and exchange is practically constant. Thus, it was felt 
that a simple extrapolation with a smooth asymptotic exten- 
sion of the curves in (6) would be sufficient for the values of 
cross section of O and N at the higher temperatures. As will 
be shown later, the lessening contribution of neutral particles 
to the conductivity at higher temperatures minimizes errors 
in this assumption. 

To find an effective electron diffusion cross section for the 
ionized species, one can begin by combining and rearranging q 
Eqs. 5 and 6 to give } 


1 1/2 
n Ne Ne 
(= = G+ + — 
n Ne Ne Ne 
7 can be interpreted as 
1 


that is, the resistivity of the gas is the sum of the resistivities 
of its components. 

From the theory of Spitzer and Hirm (7), the electrical | 
-onductivity for a homogeneously ionized gas can be expressed _ 
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Fig. 1 Electrical conductivity as a function of temperature for 
equilibrium air at various pressures 
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where 


z; = t(i = 1, 2, 3) is the number indicating the degree of 
ionization of the species 

= a transport coefficient dependent on z; [magnitudes 
of y,, = Y, are given in (7)] 
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‘Now from a comparison of Eq. 8 with a general ionized 
term in Eq. 7 an effective cross section for the various degrees 
of ionization can be found to be 


al 7%, (n,T')!/? + 2; 


[9] 


Eq. 9 in conjunction with Eq. 7 was used to calculate the elec- 
trical conductivity. 

The results of this conductivity calculation over the pres- 
sure range of 10-* to 100 atmospheres and the density ratio 
(p/P. P = 1.293 X 10-* g/cc) range of 10~* to 10 for tem- 
peratures between 3000 and 24,000 K are presented graphi- 
cally in Figs. 1 and 2. 
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Fig. 2 Electrical conductivity as a function of temperature for 
equilibrium air at various densities 
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0.882 
0.995 


These results agree well with the experimental work of (6) 
(see Fig. 2). This leads one to expect that the calculations 
will provide reasonable estimates in regions where data do not 
exist. 

This method of considering the various degrees of ionization 
separately was compared with the approach of a general 
overall degree of ionization (z) of a fully ionized gas as pre- 
sented by Spitzer and Harm (7). They define z as 


z=> [10] 


Ne 


If z; and i+in Eq. 9 are replaced by z, the contribution to the 
mean free path from the general ionized species can be com- 
pared with the sum of the contributions of the separated 
species. This comparison was made by _ examining 
> (nis Qi+) and for various temperatures and 


t t 
density ratios. “Table 1 illustrates the agreement that was 
observed. 
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Fig. 3 Per cent contribution to o of the various species as a 
function of temperature and density ratio 
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reasonable approach to handling various degrees of ionization. 

This method was used because, in addition to giving fairly 
accurate results, it also revealed the influence of the various 
particles on the electrical conductivity. Fig. 3 shows the 
contributions of these particles to the conductivity. It was 
found that the triply ionized particles contributed only about 
one half of one per cent to the total conductivity at the lowest 
density and highest temperature considered and thus can be 
neglected. However, at the lower pressures and higher tem- 
peratures the doubly ionized particles contribute significantly 
to the total conductivity. 

In addition, the cross section presented in Eq. 9 is independ- 
ent of the number density of the species considered. It thus 
has the increased versatility of being used with varying n+ 
with little difficulty, whereas the general Q, will apply only 
to specific concentrations of ions. 

Following the completion of this work, a report on this same 
subject (9) was brought to the authors’ attention. The 
analysis presented here is more complete and uses fewer 
simplifications than that of (9). A comparison of theories 
indicates a possible difference between the conductivities in 
Meyer’s report and those in this one of from 5 to 30%. How- 
ever, when the calculated results were compared, it was found 
that a discrepancy as large as 300% existed in some instances. 


Thus, it is apparent that the method used in this report is a 


Goldenberg (10) and Maecker (11) present theoretical and ex- 
perimental results for nitrogen which appear to support quan- 
titatively the results presented here. 
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Microwave Rocket Propulsion 


RICHARD W. SLOCUM JR.! and ALFRED G. ZAPPALA? 


Raytheon Co., West Newton, Mass. 


N AUGUST 1959, a paper which briefly outlined the use of 

beamed electromagnetic power for rocket propulsion (1)? 
appeared in these columns. This note is a brief report on the 
major results of a recently completed investigation of the 
characteristics of microwave powered rockets. This concept 
evolved during 1958 as one of a number of propulsion systems 
utilizing microwaves as the primary source of power. Until 
recently, primary attention has been given to studying the 
basic aspects and problems associated with the radiative 
transfer of large amounts of microwave power, rather than 
to the specifics of a microwave powered rocket system. Such 
transfer is not discussed here as it is basically similar to the 
system used for the RAMP stratospheric platform (2),4 and 
has been quite adequately covered elsewhere (3). 

In a microwave rocket system, power is beamed from the 
ground to a rocket where it is used either as a heat source 
to heat a propellant, or is converted to electric power for use in 
operating an electric-type rocket. Propellant heating is ac- 
complished either by absorbing the microwave power in a 
suitable heat exchanger through which the propellant is also 
passed, or by having the microwave power absorbed directly by 
the propellant. Electrical power generation would be accom- 
plished by means of a thermal cycle, or directly by either solid 
state or tube-type devices. 
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The primary advantage that microwave power has to offer is 
the possibility of attaining high specific impulses, even with 
high thrust thermal type engines. Thus, since microwave 
power is not cheap, it is not surprising that microwave rockets 
are found to offer their greatest potential for high performance 
missions. Specifically, consider escape from Earth. In 
order to avoid the necessity for a steerable antenna or other 
complications, and because microwave power is not efficient 
at low velocities, a single stage microwave rocket is considered 
to be boosted by conventional means to an altitude of 40,000 
m. From this altitude and zero initial velocity the micro- 
wave stage will carry the payload to escape on a radial trajec- 
tory. Reasonably large antenna must be used in order to ob- 
tain a satisfactory power transfer efficiency and to avoid at- 
mospheric breakdown; diameters of 1200 m and 30 m for the 
ground and rocket borne antenna, respectively, are used here- 
in. Because the major system cost will be the microwave 
power generating installation, we consider it to operate at 
maximum power whenever it is operating, in order to keep the 
capital investment to a minimum. Then, as a result of dif- 
fraction (4), the power received by the rocket will decrease as 
it ascends. On efficiency grounds, exhaust velocity is held 
constant while the propellant flow rate is reduced as the rocket 
ascends and less power becomes available. Using the above 
parameters, calculations were performed to determine the 
specific ground microwave power and energy required as a 
function of initial propellent flow rate and specific impulse. 
The results are shown in Figs. 1 and 2 where a nominal initial 
total transfer efficiency of 30% has been used. The term 
“fixed mass’’ of the figures refers to what is essentially the 
vehicle burnout mass less the mass of tankage and associated 
hardware (10% of the propellant mass has been allowed for 
these items); ‘‘initial specific flow rate” is the initial flow rate 
divided by the lift-off mass of the microwave stage. 

Now consider an example. It is desirable to choose values 
of the specific impulse and flow rate that will minimize both 
the power and energy requirements. Note that while it is 
possible to do this for specific impulse, the specific flow rate 
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must be compromised; thus, values of 1200 sec and 1/270 sec, 
respectively, are chosen. With a 1000 kg payload, a fixed 
mass of 4000 kg is used. With the above parameters, an 
installed microwave power of 1.1 X 10!° watt and an energy of 
6.4 X 10° kwh per flight are required. Costing the micro- 
wave power installation at $1 per watt, and considering this 
equipment to have an operating life of 1000 hours, the above 
would require an investment of $1.1 X 101° and give rise to a 
cost per payload kilogram escaped of $640. When the cost of 
the conventional booster and microwave vehicle is added to 
this, this cost increases to about $2240 per kg. 

In conclusion, note that a very large amount of research 
and development effort is required before a microwave rocket 
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Fig. 2. Energy required as a function of specific impulse 


system could be successfully operated. With regard to suc: 
effort, it is pointed out that it would contribute to the de- 
velopment not only of microwave rockets, but also to other 
systems such as high power radars, “‘death rays,’”’ and to our 
understanding of plasmas, etc. 
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Preliminary Analysis of the Capabilities 
of a Composite Slab for an Advanced 
Sink Design* 


A numerical analysis of the capabilities of a beryllium 
oxide-beryllium heat sink subjected to the convective 
heating associated with high performance re-entry of 
ballistic missiles is described. It is assumed that mass 
transfer cooling is employed to eliminate the net heat 
transfer in the nose region and to reduce by an amount to 
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be determined from the analysis the heat transfer to the 
surface downstream of the nose. The motivation for the 
study, the treatment of the convective heating, and the re- 


7 a sults of the study are presented bere. 


HE PURPOSE of this note is to summarize the results 

which are presented in (1)* and which were obtained from 
a preliminary study of the capabilities of an advanced heat 
sink for a high performance ballistic missile. The motivation 
for the study arose from the following considerations: A nose- 
cone consisting of a cone of small half-angle (15 to 20 deg) 
and a spherical cap of small radius compared to the base 
radius of the cone is considered. Assume that thermal pro- 
tection is achieved by two distinct means; the spherical cap, 
which involves the most intense heating, is protected by lo- 
calized mass transfer in the form of either a jet or of porous 
cooling.‘ On the conical surface a heat sink is employed with 
some reduction in convective heat transfer assumed to be 
achieved by the localized injection in the nose region. Avail- 


* Numbers in parentheses indicate References at end of paper. 
* See (1) for an extensive bibliography. 
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references indicates that with practical coolant flows the pro- 
tection of the spherical nose and a reduction in downstream 
heat transfer can be achieved. The study considered herein 


was concerned with a preliminary determination of the reduc- _ 


tion in convective heating required on the cone if such a heat — 
protection system is employed on a high performance ballistic 
missile. 

A straight-line trajectory corresponding to a ballistic factor 
of 2000 psf, to a re-entry velocity of 20,000 fps, and to a re- 
entry angle of 20 deg was considered representative of high 
performance re-entry. The coolant weight flow was assumed 
to be modulated during re-entry such that the convective 
heating at any point on the cone is a fixed per cent of the heat- 
ing which would prevail there without upstream cooling. 
Moreover, the convective heating was assumed to be either 
completely laminar or completely turbulent throughout the 
trajectory and to be expressed in terms of the Nusselt and 
Reynolds numbers suggested in (2) and used in (3 and 4), for 
eximple. Accordingly 


Qs, Nee — Rw) = 
Ne/Ro) }max f 
{ -j [1 ] 


where 7 = !/ for laminar flow and j = 4/; for turbulent flow 
and where 


= convective heat transfer 

i, = stagnation enthalpy 
hw» = enthalpy at wall (exposed surface) conditions 

Use = viscosity coefficient 

Ve = (Pachee!!*Ro/ tee) a Reynolds number 

Ps = mass density 

Ry = reference length, here taken to be the nose radius 


= Prandtl number 
= — hw)kse, & Nusselt number 


Cys, = coefficient of specific heat 
k,, = thermal conductivity 
Loe = Teal gas parameter 


and where the double subscript ,, denotes stagnation con- 
ditions external to the boundary layer. The quantity in the 
first bracket on the right-hand side of Eq. 1 is a function of 
time, dependent only on the trajectory; the quantity in the 
second bracket is time independent to an accuracy sufficient 
for the purposes of this preliminary study, but is dependent 
on the position along the body, the efficacy and weight flow of 
the coolant and on the nose radius Ry. Now for either laminar 
or turbulent flow the time dependent function could be 
satisfactorily approximated for the trajectory considered by 
the same combination of two straight lines. Thus Eq. 1 was 
employed in the form 


q-/(Iue — kw) = [2] 


where Q is dimensional, for example, in lb ft~? sec~!.. Now 
consider that for a particular heat sink configuration there 
has been determined a value of Q satisfying certain require- 
ments; denote such a permissible value by Q,; then from the 
definition of Q with o,, = 0.7 


NyuN = 0.25 [3a 
for laminar flow and 
= 0.016 Q,Ro' [3b] 


‘or turbulent flow. Eqs. 3a and 3b can be used in two ways: 
|f the nose radius is specified, then the permissible values of 
VyuNe~i are given and can be compared with those pre- 
vailing with and without coolant flow. If NyuNV,p~‘ is speci- 
fied, the permissible values of Ry can be determined. 

The heat sink considered in this study consists of a com- 
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Fig. 1 Variation of permissible values of heat transfer parameter 
with geometry 


posite slab of beryllium oxide (BeO) on the exposed surface 
and of beryllium (Be) as a backup material. Thus the con- 
figuration is defined by the thickness of the BeO denoted by 
d and by the total thickness of the slab denoted by D. 

The numerical analysis was carried out in the following 
manner: An implicit system of numerical integration was em- 
ployed with radiation from the surface and temperature de- 
pendent thermal properties of both materials taken into ac- 
count. For a particular slab configuration several tempera- 
ture-time histories were obtained by selecting several values 
of Q. The permissible values of Q were determined by the 
requirement that either the maximum temperature on the ex- 
posed surface equalled the melting temperature of BeO, 
namely, 5125 R or the maximum interface temperature 
equalled the melting temperature for Be, namely, 2800 R. 

The results of the study are shown in Fig. 1 which gives Q, 
as a function of total slab thickness D for three cases. The 
first case corresponds to a simple slab of BeO so that d = D, 
while the second and third cases correspond to fixed values of 
d, namely, d = 0.1 and 0.33 in. For the simple slab there are 
two values of Q,; these are obtained from the permissible 
temperature of the exposed surface and of the interfacial sur- 
face. By a double interpolation, i.e., with respect to Q and d, 
it is found that a simple slab with thickness 0.33 in. is opti- 
mum in that at different times during the trajectory the maxi- 
mum temperatures are reached on both surfaces. For a fixed 
thickness of BeO equal to 0.1 in. the behavior of the Be pre- 
dominates and the values of Q, are less than that which are 
possible with BeO alone. If the optimum simple slab of BeO 
is backed by Be, as may be required for structural and/or ma- 
terial reasons, the values of Q, are not increased significantly. 

A maximum value of Q, is thus given by the results of Fig. 1. 
Eqs. 3a and 3b were used in conjunction with theoretical 
estimates of and for a spherically 
capped cone with a half-angle of 20 deg without porous cooling 
in order to estimate the heat reduction required on the cone. 
With Ro = 0.25 ft it was found that for completely laminar 
flow no heat reduction due to nose cooling is required for dis- 
tances from the stagnation point greater than roughly one foot; 
for completely turbulent flow, reductions to one-half of the 
unprotected value are sufficient. 
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Computation of Keplerian Conic Rt Eqs. 4 and 5 are both of the simple type a rT 
Sections w"(u) + Mu(u) +N =0 


HANS SPERLING! M and N being constants. Define functions S,(w) by the 
power series 


7] 


25 a George C. Marshall Space Flight Center, Redstone Arsenal, 


Ala. 


™ ‘The formulas generally known for Keplerian conic sec- For j = 0, 1, 2 one sees that 
tions are restricted to nondegenerate conic sections and re- ' , 
ferred to coordinate systems in the plane of motion which So(u2) = cos u Si(u®) = sin U S.(u2) = — l 
_ are chosen so that the pericenter lies on the positive part u 
of the reference axis. For certain applications of Keplerian ; 
conic sections, e.g., in Encke’s method, it is of advantage to = —u?) = coshu S,(—u?) = sinh u 


have generalized formulas, avoiding transformations and 
exceptions. A natural way leading to these general expres- 


sions is given which introduces a uniformizing variable’ S(—u?) = cosh u — 1 SE 
= the differential equations of the two-body problem. a aw 


The general solution of Eq. 7 for the initial iia Uo, Wo = 


w(Uo), Wo’ = w'(u) can be written as 

sf F THE Cartesian coordinate system (z, y, 2) has space- 
fixed orientation and its origin at the mass point m, then W = WoSo(M(u — up)?) + wo'(u — — — 
the motion of a second mass point m, is described by ™ dif- N(u — u)?S2(M(u— w)*) [9] 


Using this equation, the solutions of Eqs. (4) and (5) are 


= m = m+ [1] 


F = FoSo(h*(s — + x 

where k? = gravitational constant. The equation for the dis- ae 

(8 — s0)Si(h*(s — — D(s — 8)*S2(h*(s — [10] 

= 0 [2] = So(h*(s &)*) + Vim x 

_ where the energy integral as 4 (8 — 8)Si(h*(s — 8)*) + (8s — 8)?S2(h*(s — &)?) [11] 


a 1 k2m The velocities can be computed from 


Define the uniformizing variable s by 2 
Introduce as abbreviations 
wr) forh*>O 
let the differentiation with respect to s be denoted by a = 
prime, then the change of variable from to s yields in place ‘ania 


of Eqg. 1 and 2 E and G are, up to an additive constant, the eccentric 


+a%+D=0 4 anomalies of ellipse and hyperbola. 
The formulas 10 and 11 can be specialized for the three dif- 


: ja [5] ferent types of conic sections; these simplifications are con- 
= the venient in cases where the ellipse or hyperbola is not too close 
g to a parabola, or where the curve is exactly a parabola. 
The constant vector D is directed toward pericenter, provided Ellipse (h < 0): 
that D ~ 0 and that the constant K of the angular momentum 
does not vanish, and its magnitude D equals the numerical rofy/a 
eccentricity. It can be computed from the initial values 7, r = (rm — a) cos (EF — Ey) + S—— a sin (E — Ey) +a 
and r, by k*m 


D= - 6] = (7% + Da) cos (EF — + — &) — Da 


The conic section is determined by the two equations 
(R7)=0 r+(Dr)—p=0 


where p is the semilatus rectum. 


1 Scientific Assistant, Aeroballistics Division. 
2See W intner, A , “The Analytical Foundations of Celestial 


Mechanics,” Princeton University Press, 1941; Siegel, C. L., 
—e ueber Himmelsmechanik,”’ Berlin, Springer-Verlag, 
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Hyperbola (h> 0): 


Toro roy 
V km 
7 = (Fo + Da) cosh (G — G) + tofo V =a 
‘ 
] sinh (G — G,) — Da 


A general form of Kepler’s equation, which yields time as 


a function of the eaatiaieen variable, can be derived from 
Eq. 3 


r = (% — a) cosh (G — G) + —— sinh (4G — G) +4 


the 


x 


Viem(t — t) = (17] 


Substituting for r(s) the right-hand sides of Eqs. 11, 14, 15, 
and 16 and integrating leads to the following expressions for 
= Kepler’s equation: 
All conic sections: 
Vv k?m(t — = ro(s — 8)Si(h*(s — 8)?) + 


9] 


(s — 8) %S2(h*(s — 89)2) + 
(s — 8)*S3(h*(s — 8)*) 


j 


0] = 1) sin Be) + 


(1—cos(E — [19] 
a 
Parabola: 
(t — &) = 5 +5 iw (s — + 
— [20] 
Hyperbola: 
| 
To 
| 
— (cosh (G — G) — 1) — (G—G) [21] 


The Gaussian Equation 


The Gaussian equation provides a relation between the uni- 
formizing variable s and the angle y of polar coordinates in the 
plane of motion, measured from an arbitrary reference axis 
so that wis the true anomaly up to an additive constant. Be- 
cause this angle is a constant for degenerate conic sections, 
one has to assume K # 0. ‘ 

The equation of conservation of angular momentum reads 


D+D? Vi-DtD, . 
Vi— . ] 
geal (1-2) cost - 1+ D, sinE — D, 


r(s) is substituted from Eq. 11; the elementary evaluation 
and simplification of the integral yields the following expres- 
sions for the Gaussian equation: 

All nondegenerate conic sections: 


2ro So(? /h*( 8 — 8 )*) 
cot = — 
2 Vp (8 — 8)S; (1/4 h*(8 — 
cot = 5 Yo) cot 
Nondegenerate parabolas: 
2ro 
cot 5 Yo 


In the previous — the coefficients depend on the 
initial values 7% and 7. For certain special choices of s the 
coefficients will depend only on the constants of the conic 
section. Consider the case where the conic section is a non- 
degenerate ellipse, and 7 are Cartesian coordinates in the 
plane of motion and % is specified by s = 0 for n = 0, €> 0. 
Then the following formulas can be derived with D = (D,, De») 


n= a [D2 cosE + V1 — D?sinE — D2] 


Kepler’s equation 
2 2 = 


(t — t) = 


vi - D*D: ( cosE) [28] 
1+D,_ 
The Gaussian equation (with y = 0 for FE = 0) 
- 
2 
2 1+D, 2 1+D, 


From Eq. 3 it follows that ‘ 
©; 
y= 
ak 
‘ ds 
= ds 99 
To 1 Toro 
cot (y — = — G) + [26 | 
d 
| 
i 
tt 
i 
| | 
j 
iz = 
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Effect of Carbon Deposition on Heat 
Transfer in a LOX/RP-1 Thrust 
Rocketdyne Div., of North American Aviation, Inc.,Canoga 45 © 
HE PRESENCE of carbon seems assured when LOX/ | 
RP-1 is burned in a rocket motor. After a firing, for < a > Pa 
example, carbon causes the interior of the thrust chamber to = 4400 - 
have the appearance of being freshly painted black. Upon 4 
closer inspection, the outer surface of the carbon appears |. OPERATING __.| 
sooty and it can be removed easily by light rubbing. Under- RANGE 
neath this exterior soot layer is a harder graphite-like layer (As determined by 
which can also be removed, but is more tenacious. Consider- a ne “8 
ing the interior surfaces in their entirety, some variation of . wROAT ly 
the physical appearance of the carbon with the axial position i 1* SOF 
in the chamber can be detected. For example, the divergence o 6 
section of the nozzle appears sootier. Because normal shut- 1 °eesr a 
down of the motor is in the oxidizer rich condition, the 
possibility that carbon was deposited during that brief period 7 d = 0.012 IN i la 
seems remote. There is no easy, direct method for determin- 7 eo ow we 
ing the rate or amount of carbon deposition during the actual VELOCITY OF COOLANT 43 . 
firing. The existence of carbon in the exhaust products is IS CONSTANT o 
verified, however, by observing the flame; it is highly aa r 
luminous, smoky, and because of its great brilliance uncom- a ; 
fortable to observe with the unprotected eye at close range. ; 1 
There is good qualitative evidence that carbon serves as an ! 1 4 1 19 
extraordinary heat insulator, shielding the metal wall, thus I é a. a 
tempering the stringent requirements which are normally CARBON RESISTANCE, ose Ey 10 


imposed on the regenerative cooling system. A quantitative 
evaluation of the insulation effectiveness of the carbon, neces- 
sary for use in the heat transfer calculation, has been ac- 
complished experimentally only. 


Laas 1 Effect of carbon resistance on the heat transfer at the 
_ throat of a LOX/RP-1 thrust chamber 


Effect of Carbon Formation on Heat Transfer ' gah 


In an analysis of the heat transfer pertinent to a cooled 
rocket engine, the parameters of most interest are ordinarily as 
follows: bulk temperature of the coolant, 7',; coolant con- 
vection heat transfer coefficient, h,; liquid-side wall tempera- 
ture, Tw,; gas-side wall temperature, gas-side convec- 
tion heat transfer coefficient, hg; heat flux, Q/A. 

It is interesting and informative to consider the effect that 
the addition of another gas-side series resistance, (AX /K) carbon, 
has on these parameters. This is, admittedly, the simplest 
model that one can conceive, which yields useful results, for 
studying the effect of the carbon formation on the heat trans- 
fer. 

Fig. 1 shows the variation of the heat transfer parameters 
as a function of the added gas-side resistance. The example 
considered in Fig. 1 corresponds to the throat of a LOX/RP-1 
rocket engine operating at 492 psia with a 0.012 in. thick 
nickel wall between the gas and the coolant. The velocity of 
the coolant does not vary. The gas-side heat transfer co- 
efficient was calculated from Bartz’s convenient rocket motor 
equation.? As the added gas-side resistance increases, the 
effect on hz, and he is relatively small; however, a large de- 
crease is shown for Q/A, Two, and Tw,. If the added re- 
sistance results from a carbon deposit with a well-defined 
thickness, then a new temperature is introduced, 7’¢g, which is 400 
the temperature of the carbon at its gas interface. Because 
of its special significance, variation of this temperature is also 200 
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* Bartz, D. R., “A Simple Equation for Rapid Estimation of ; ae : 
Rocket Nozzle Convective Heat Transfer coefficients,’ Jet Fig. 2 Examples of liquid-side wall temperatures at three axial 
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Fig. 3. Effect of mixture ratio on overall gas-side heat transfer 


coefficient; LOX/RP-1 propellants 


shown in Fig. 1; 7'cg is found to rapidly approach the value 
of the gas temperature when the carbon resistance is increased. 
It is now evident that with a carbon resistance above a value 
of 1500 in.*-sec-F/B, as in the example of Fig. 1, the radiation 
contribution to the total heat transfer must be small even 
with large chamber diameters and high pressures. This is 
because of the small difference between T.,; and T¢. Thus, 
although the carbon particles in the flame are good radiators, 
when carbon is deposited on the wall the net radiation into 
the wall is negligible. ~s 


The operating point or range can be found for the motor 
corresponding to the curves of Fig. 1 by measuring the wall 
temperature while the chamber is in operation. Note that be- 
cause of the use of thin walls it is unimportant if a surface or 
an interior wall temperature is measured, since the difference 
between them is small. (Compare the Tw, and Tw, curves of 
Fig. 1.) It is tedious to make the measurements, however, 
because of the inconvenient environment on either side of the 
wall, i.e., the aforementioned hot gases and the high velocity 
coolant. 

Fig. 2 presents the history of typical liquid-side surface 
temperatures measured at three stations (see Fig. 3 for their 
locations in the chamber) for a rocket motor operating at 
800 psi chamber pressure; from records similar to these the 
operating range indicated in Fig. 1 was determined. 

By installing many surface thermocouples throughout the 
rocket motor, the overall gas-side conductance can be calcu- 
lated at the various stations, and a carbon distribution curve* 


Experimental results 


’ The carbon distribution curve actually contains, of course, 
more than a carbon deposition effect. The simplified calculations 
give only approximate results, and nonuniformities due to the in- 
jector are neglected. In the present example, however, these 
factors are believed to be relatively insignificant compared to the 
arbon deposition. 
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Fig. 4 Comparison of the resistances to the heat transfer at the 
throat of a LOX/RP-1 thrust chamber 


ar 


Some results of that undertaking, using 


can be obtained. 
special heat transfer model motors, are shown in Fig. 3. A 


highly effective carbon resistance was evident at all 
stations, especially those stations other than in the vicinity of 
the throat. Operation over the mixture ratio range 2.0 to 2.7 
had no significant effect on the values of the carbon resistances, 
a result which was unexpected. 

Records of liquid-side surface tempratures, such as the 
traces shown in Fig. 2, reveal another interesting, but dis- 
concerting, aspect of the carbon deposition which provides 
some insight into the physics of the problem. Apparently, the 
process is cyclic, because the wall temperatures in the throat 
region exhibit extensive random fluctuations. In regions 
other than the throat, the fluctuations are less pronounced. 
It appears that the process proceeds in the following manner: 
The carbon is deposited on the wall, reducing the heat flux 
and simultaneously lowering the wall temperature, then builds 
up to an unstable thickness, and finally flakes off the wall by 
erosive rubbing of the gas. The wall temperature rises im- 
mediately, but the heat capacity of the wall, plus heat transfer 
into the coolant, prevents the wall from reaching an unsafe 
temperature before new carbon is deposited, and the wall 
temperatures decrease again as the cycle is repeated. It is 
not surprising, if our model is fairly accurate, that from 
probability considerations alone some occurrences of local wall 
overheating are likely. 

The apparent carbon resistance corresponding to the mid- 
point of the operating range shown in Fig. | is 2500 in.*-sec- 
F/B—about 150 times the resistance of the wall and four 
times the gas-side convection resistance (Fig. 4). Assuming 
K = 88 X 107 B/sec-in.-F, a value given for lampblack, 
the effective thickness of the carbon layer is 0.0022 in., a 
thickness which may be acceptable but is certainly ques- 
tionable. 


4 McAdams, W. H., Heat Transmission, 3rd ed., McGraw-Hill, 


N. Y., 1954, p. 448. 
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“Effect of in Wall 
_ Curvature on Boundary Layer _ 

JOHN F. STROUD! 
Lockheed Aircraft Corp., Burbank, Calif. 
An order of magnitude analysis of the effect of a discon- 


tinuity in second derivative of wall contour on boundary 
_ layer development is presented. The results of the analy- 


ty _ sis indicate that the ratio of boundary layer displacement 


i thickness to radius of curvature must be kept small rela- 
tive to the skin friction coefficient if rapid boundary layer 
thickening is to be avoided at points of intersection of 
_ plane walls with curved compression surfaces in supersonic 


flows. 


; “4 T IS generally known that discontinuities in the first de- 

rivative, or slope, of a surface have profound effects on 
boundary layer development. The effects of discontinuities 
in the second derivative, or wall curvature, however, appear 
to be relatively unknown. The purpose of the present note 
is to indicate the existence of sensitivity of the boundary 
layer to discontinuities in wall curvature by means of a 
simplified order of magnitude analysis. 


Analysis 


As an example of a discontinuity in second derivative of 
wall contour, consider the intersection of a planar surface and 
-a circular are compression surface in supersonic flow, depicted 
in Fig. 1. Whereas the first derivative is continuous at the 
-itterston the second derivative is discontinuous at z = 0 

_as indicated 

The von Kérm4n momentum integral boundary layer 
- equation can be written (1)? 


Cy 1d 


2 Ue dx Ve dx 
& 


after rearranging becomes Sy 


Using the linearized pressure coefficient and small perturba- 
tion theory for supersonic flow we have 


~ 
‘ 


Utilizing these relationships and integrating first over a 
small distance e(e « 6), just ahead of the intersection, and 
then over a similar small distance, just downstream of the 
intersection, the von K4rman momentum integral equation 
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Fig. 1 Example of a discontinuity in second derivative of wall 
contour 
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just downstream of the intersection. Thus the boundary 
layer growth rate increases abruptly in the region of z = 0. 


Discussion 


It is noted that the present study is baséd on a simplified 
order of magnitude analysis and neglects certain features of 
the actual flow field which could only be described rigorously 
by a thorough study of boundary layer integral equations 
derived from the Navier-Stokes equations. The present 
analysis appears, however, to describe qualitatively the 
sudden increases in boundary layer momentum thickness in 
the region of discontinuities in wall curvature in the data of 
(2) for a turbulent boundary layer. Increases on the order 
of 15 to 40% in momentum thickness in the region of dis- 
continuity can be observed in the data of (2) as shown in 
Fig. 2. Generally similar increases in displacement thickness 
are also observed. It is noted that in the experimental 
ease cited (Fig. 2) the factor 6,/8R is approximately four 
times C,/2 on an average. 

The result of the present analysis suggests that at points 
of intersection of plane or cylindrical surfaces with curved 
surfaces the factor 6,/8R should be small compared to C',/2 
if disturbances and rapid thickening are to be avoided. The 
result of the analysis also suggests a qualitative explanation 
for the experimentally determined requirement that large 
radii of curvature be used in the transonic throat regions of 
diffusers in order to obtain good performance. Finally, al- 
though the present example is limited to intersections of cylin- 
drical surfaces with curved surfaces it is anticipated that 
rapid thickening of the boundary layer would result at inter- 
= 


sections of two curved surfaces if the discontinuity in curva- 
ture is substantial. 


Conclusion 


An order of magnitude analysis indicates that the ratio of 
boundary layer displacement thickness to radius of curvature 
must be kept small relative to the skin friction coefficient if 
rapid boundary layer thickening is to be avoided at points 
of intersection of plane walls with curved compression sur- 
faces in supersonic flows. 


Nomenclature 

c = constant of integration 

Cy = wall’skin friction 

M = Mach number 

P = static pressure 

q = dynamic pressure 

R = radius 

Re = Reynolds number based on momentum thickness 
u = velocity in X-direction 
= X-direction coordinate 
y = Y-direction coordinate 
B = VM? -1 

by = boundary layer displacement thickness 
€ = arbitrary small distance 

0 = boundary layer momentum thickness 
dy/dx = first derivative of wall 

d?y/dx? = second derivative of wall 

Subscripts > 

e = edge of boundary layer . ae) 
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Power and Energy Requirements for 
a Fixed-Axis Inertia Wheel Attitude 
Control System’ 


T. McRUER? and R. L. STAPLEFORD? 


Systems Technology, Inc., Inglewood, Calif. - 


A single-axis attitude control system using a fixed-axis 
inertia wheel is investigated. Approximate transfer func- 
tions are developed and these are used to derive expressions 
for the power required to drive the wheel and the energy 
expended by the driver. An example for a step input is 
carried out by a method which utilizes the complex con- 
volution integral in a special form for which tables of the 
integral have been published. 


NE OF the devices most frequently considered for the 
attitude control of space vehicles is the fixed-axis inertia 
wheel. If this type of control is to be used, the control system 
designer must, in an effort to minimize system weight and 
energy requirements, evaluate the trade-offs among wheel size, 
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actuator size, and energy source. It is, therefore, necessary 
to know the power required to drive the wheel and the energy 
that will be expended by the driver. 

To develop expressions for such power and energy require- 
ments a sample closed-loop control system for single-axis at- 
titude control will be considered and approximate closed-loop 
transfer functions will be derived. From these approximate 
transfer functions and the power and energy equations, the 
power and energy requirements for a particular maneuver will 
be established. 


Control System Configuration 
. 

For the elementary case of single-axis attitude control the 
rotational equations of motion of the vehicle and a fixed-axis 
wheel can be written very simply as 


+ @) = T; [2] 
where 
I, = vehicle moment of inertia 
I, = wheel moment of inertia 


M = the sum of the external torques which are applied to 
the vehicle 

T; = internal (“air gap’’) torque developed by the actua- 
tor driving the wheel 


w = wheel angular velocity relative to the vehicle 


Q = vehicle angular velocity relative to inertial space _ : 


can be solved for the relationship 
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Eqs. 1 and 2 
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Fig. 1 Wheel-vehicle block diagram 


i 


ee between © and @ and also the relationship of w to the two 
torques, M and T;. 


Mala 


~~ equations can be used to construct the first elements of 
: the control system block diagram, as shown in Fig. 1. 

If an “ideal” servo actuator is assumed to be used for driv- 
ing =the wheel, the torque 7; can be represented by the 


familiar form ow: 


where 
i. = input signal to the actuator 
K; and B are constants depending on the physical charac- 
teristics of the actuator 


The block diagram can now be expanded to include the 
actuator, as shown in Fig. 2. 

The actuator acts as a first-order lag with a time constant 
equal to J,J./B(UI. + Iw). The effective time constant of the 
actuator can be greatly reduced by the addition of a velocity 
feedback, which will be added to the system. 

Since the purpose of the attitude control system is to control 
an attitude angle \, an attitude angle feedback is added. .\n 
equalization network of the form — K,(T'zs + 1)/s” will also 
be added to the system. For n = 0 the system will have zero 
steady-state error for a step attitude command with no «x- 
ternal torques; however, an impulsive external torque will 
produce a steady-state error, and a constant external torque 
will cause infinite error. For n = 1 there will be zero stead y- 
state error due to an impulsive external torque and a constant 
error due to a constant torque. If n = 2 there will be zero 
error for a constant torque. For either n = 1 or 2, of course, 
the wheel will ultimately be driven to saturation if the ex- 
ternal torque persists. Since one usual reason for a wheel 
system is a desire for precise control about a command atti- 
tude, a value of n = 1 was chosen. The lead equalization was 
then necessary to provide stability. The minus sign is to 
account for the fact that a negative 7; is required to produce 
a positive 2. The complete control system block diagram is 


EQUALIZATION 


Act, €, We 
s + 


VELOCITY 


st 
* 
B 


ings 


Fig. 3 Complete control system block diagram ~ 
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Derivation of Transfer Functions 


The transfer function of the two inner loops for zero ex-— 
ternal torque can readily be shown to be oe 
 Ki(B+KsKy) 
+ 1 


(6) 
where Tr = + Iv)(B + KaK;). The complete 
control system then has the open-loop transfer function for 
zero external torques of 


(Tzs + 1) 
(B + + Iw) 18 + 1) 


s*(T1s + 1) 

To avoid a “dynamic droop” characteristic in transient re- 
sponses it is desirable to have T, > T'1, and for adequate 
phase margin and response the gain crossover should be about 
one octave lower than 1/7',. For these conditions one of the 
closed-loop poles is approximately equal to the open-loop zero 
so that the closed-loop transfer function can be approximated 
by 


Yo 


de 8? x) 8 4 
E 
8 


3 (for zero external torques and _ initial 


Since from Eq. 
conditions) s\ = 
function for wheel speed can be written 


801? 
Fe1@cL8 + wer? 


Power and Energy Equations 


There are a number of different ways of deriving expressions 
for power and energy. The one that will be used here is to 
derive the energy equation and then differentiate it to obtain 
the power equation. The energy expended by the servo 
actuator must equal the total kinetic energy of the wheel and 
the vehicle less the work done by the external torques. 


] 1 t 
B= 51.08 + + w) MQdt [10] 
With the assumption of zero initial conditions, Q(0) = 
w(0) = 0, the energy equation can be written rather 
simply in terms of 2 or w ass 


t 1 t 
(f, udt) [11a] 


Differentiating Eqs. [11] gives the expressions for power as 


M 
MQ + Mdt [12a] 
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A straightforward solution to the time variation of power 
and energy for a particular command would be to solve for 
either Q or w as a function of time by using the appropriate 
transfer function and to then insert that expression into Eqs. 
11 and 12. Another method for the case of zero ex- 
ternal torque is to use the complex convolution integral to 
solve for the Laplace transform of energy, take the inverse 
transform, and then differentiate for the power expression. 
This technique is somewhat more laborious for simple inputs 
with a simple control system transfer function, but for more 
complicated inputs or transfer functions it may prove quite 
valuable. Its use will be illustrated by a sample calculation 
of the power and energy for a step input A,. 


Sample Problem, Step Input 
For the case of zero external torques the energy equation is 
simply 


[13] 


E(t) is thus of the form E(t) = fi(f2(t), and the Laplace 
transform E(s) is given by the complex convolution integral 


(1)4 


1 C2+je 
J C2-jo 
where F; and F, are the Laplace transforms of f; and fe, re- 
spectively. Since F; and F2 are equal, it can be shown that an 
acceptable value of C2 is s/2, and by changing the variable of 
integration from £ to p = & — s/2 the integral becomes 
symmetrical. 


1 fio 8 
E(s) = +3) 5) dp [15] 


Reference (2) presents a table of integrals of the type 


E(s) = — [14] 


a 
where 
ha(x) = + +... +a, 


This table lists the integrals for 1 < n < 7. Reference (3) 
contains a similar table of integrals for 1 < n < 10 and notes 
an error in the tables of (2) for n = 7. 

For a step input of magnitude X,, the expression for {2(s) 
comes directly from Eq. 8. 


weirs 


17 
8? + + wer? 


Q(s) = sr 


By combining Eqs. 13 and 17, 


_ + I.) fo 


From the table of integrals of (2) all 


II. + I.) Te 


(8 + 2fcrwcr)(s? + 4fcrwers + 4wer?) 


EK(s) = 


4 Numbers in parentheses indicate References at end of paper. 
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It should be noted that the coefficients of g, and h, are the 
coefficients of the powers of p after (p + s/2) and (—p + 
s/2) have been substituted for s in the function Q(s). 

From the table of Laplace transforms of (1), for fcr < 1 


E(t) = [1 — cos (Quer V1 — fcx%t)] [20] 


where 


Differentiating this equation the power becomes 4 aur? 
P(t) = —2crwcr X 


— 


1 
1 
+ tox cos 


For {cx = 1, Eqs. 20 and 21 take the special forms 
E(t) = Eyfte-2c1! [22] 


Pt) = (1 — wert) | 
where 


_ Eg. 22 shows that E > 0ast— ©, which is true only if it is 
possible to completely recover the energy stored in the ro- 
tating wheel. This might be done if the wheel were to be 
slowed by driving an “ideal” generator. If none of the kinetic 
energy of the wheel can be recovered, then the energy ex- 
pended, E(t), will equal ys |P\dt. The remaining discussion 


assumes that all of the kinetic energy of the wheel is re- 
covered. 


The energy will be a maximum when P = 0, which for the 


fo. = 1 case occurs at t = 1/wcx; therefore 


E, 
Maximum power occurs when P = 0 or att = (2 — V2)+ 


WcL 
2wer; therefore 


Prax = 0.231 = 


From Eq. 9 the wheel speed can be found during the mancu- 
ver. Again assuming {cz = 1, 


In} (8 + wer)? 
ign 
w(t) = tf) 2) te-“cx! 
Differentiating, the wheel acceleration is given by 
w(t) = — ( ) (1 — wext) [27] 


Thus the wheel velocity is a maximum at t = 1/wez or at the 
same time the energy is a maximum; so 
I, 
Te 


[28] 


— 0.368 ( 


By differentiating Eq. 27 we find the maximum wheel accelera- 
tion occurs at ¢ = 0; thus 


From Eq. 4 the maximum torque required can be found 
to be 


= 


The particular example which was just described was 
chosen to give a simple illustration of the technique. The 
same method may be used for other transfer functions, with 
the effects of initial conditions included, and for other types 
of maneuvers, although the procedure will be a good deal more 
laborious. 


= — [30] 
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N THE design of many rocket engines, regenerative cool- 
ing is supplemented with a form of internal cooling, called 
curtain-cooling, which is a fuel-rich boundary layer of gas 
adjacent to the walls of the chamber. This heat shield is 
created by the injection of fuel in the outermost ring of orifices 
in the rocket engine injector. Because continuous demands 
for greater releases of energy without corresponding increases 
in the dimensions of the engine intensify cooling problems, 
it is anticipated that film cooling by local liquid injection on 
the walls will be generally employed and may possibly replace 
regenerative cooling, which has rather low limits on its effec- 
tiveness (1).4 . 
This note presents certain experimental film cooling data 
obtained from a small rocket motor and makes a comparison 
of some of these data with semiempirical calculations. The 
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experimental data were obtained at 500 psia chamber pressure 
with inert (water) and chemically reactive (WFNA, NH; and 
JP-4) fluids as film coolants in the combustion chamber of a 
500 lb thrust rocket engine. Only experimental results for the 
reactive coolants are presented. 


Theoretical Results 


A model (Fig. 1) for the mass-transfer system has been 
established which is based on the following assumptions: 
(a) The mass-transfer effects are confined to a thin layer of 
vapor and gas; (b) no chemical reaction; and (c) negligible 
radiation. 

An analysis (2) similar to that due to Rannie (3) yields an 
expression for the required rate of coolant flow. It is 


Q 1+ H 1/Pr’ 


where 
weight rate of flow of coolant == 
Q | per unit area of cooled surface ‘ 
weight rate of propellant consumption 
per unit area perpendicular to flow 
H = Cre(T's — Te) = coolant enthalpy parameter 
CALS = + AH, 
Pp = a = Prandtl number for gas-vapor boundary 
layer with cy replaced by cp. 
f’ = applicable friction coefficient for the two-phase flow 
of the problem under consideration 
Rk = U,/ Us 


A good possibility is that the heat flux is constant across the 
thickness 6. Then (4) 


/G Pr’ / 
14 4. Cooler 1 [1] 
R’ f re 1 
2 2R-1 
and, when Pr’ = 1.0, both expressions are equivalant _ : 
rr > 
Gs a(l + Cyc /Cpg) 
where 
1 
7 R'f'/2 


In rocket motor design, however, Q/G is usually replaced 
with 


W. weight rate of flow of coolant 


W, weight rate of flow of propellants 


For the case of flow in a circular pipe of length Z and diameter 
D, is related to Q/G by 
LQ 


In practice the theoretical coolant flow is inadequate be- 
cause of certain losses. These are accounted for in the fore- 
going by introducing an efficiency factor 7 which must be 
determined experimentally. Thus 


Q/G 1 H (2) 


We will consider, at least ostensibly, only one of the several 
factors (5) included with 7. It has been shown experimentally 
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Fig. 1 Film cooling model and nomenclature 
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(6) that when the film coolant flow rate per unit length of in- 
ternal circumference is relatively high, the liquid film is 
thick and rough near the plane of injection and the overall 
film cooling efficiency is decreased. When the film-cooled 
section is cylindrical, Kinney, et al. (6) have suggested the 
following relationship for determining the value of W.’, that 
is, the delineating flow between a smooth and a rough film 


= OxDu. [3] 
where 6 is a nondimensional empirical number. 


Experimental Results 


H.O coolant (no chemical reaction and Pr’ ~ 1.0) 


In the application of Eq. 2 numerical values for f’, R, R’ 
and 7 are not readily accessible nor are accurate expressions 
for them easy to derive. That problem was not solved, but 
circumvented by reviewing the available film cooling data in 
light of Eq. 2 and finding what values of the unknowns gave 
agreement with the experimental data. Reported (6) in the 
literature are film cooling data obtained with heated air (800 
to 1600 F) and the film coolant water. The estimated value 
of Pr’ was close to unity for those experiments. Fig. 2 pre- 
sents a portion of the aforementioned data, plotted as 
(Q/G)act/H vs. 6. In Fig. 2 the valuesof (Q/G@)act and H 
varied from 0.0006 to 0.0025 and 0.3 to 0.6, respectively. 


From Eq. 2 the ordinate of Fig. 2 is also equal to a 
(Q/G)act 1 1 


H na(l +6 Cye/ 


It will be assumed that some average curve drawn through 
the data of Fig. 2 will be valid for computing the water film 
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requirements in a rocket motor, but it was necessary to use 
the curve somewhat beyond the experimental range of 6. 

Calculated L/D values of a water film evaporating from the 
inside of a cylindrical test section are compared with experi- 
mental results (4) in Fig. 3. The test section was installed 
two diameters downstream of the rocket-motor injector and 
immediately upstream of the converging-diverging nozzle. 
The propellants used were WFNA and JP-4. A possible 
reason for some, or perhaps most, of the discrepancy between 
the two curves may be the method employed for measuring 
the length of the film; the experiments indicated that the film 
was not entirely uniform in length around the inside surfaces of 
the cylindrical test section, although extreme caution was 
taken to eliminate nonuniformities in the gas stream and film 
coolant injector. The experimental curve is based on a film 
length which was measured at the minimum point of the 
irregular film profile. A coolant film was assumed to exist 
on the test section as long as the wall was maintained below 
the saturation temperature of the coolant. A truer compari- 
son of the calculated and experimental results requires de- 
termination of the total surface area of the wall covered with 
a liquid film, and a tabulation of the average film length. 
The latter should then be compared with the calculated 
values. However, it would seem likely that it will be typical 
minimum film lengths, such as those measured, that will be 
of most interest in rocket motor design. Based on heat trans- 
fer measurements made with the same apparatus, but with- 
out film cooling (7), it was estimated that in the present ex- 
periments roughly one-half of the potential heat sink of the 
water, C,.(T, — To) + AH., was being utilized for cooling the 
wall. 


WENA, NH; and JP-4 coolants (L/D = 


0.5, chemical 


reaction and Pr’ 1.0) 
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Table 1 presents experimental values (4,8) of W./W, for 
WFNA, NH; and JP-4 and a comparison of those values with 
the water results (L/D = 0.5). Test conditions for each 
coolant investigated were nearly identical. To the authors’ 
knowledge no reliable analysis for these complicated systems 
is available, consequently no comparison with analytical data 
is included. 


= average specific heat at of the liquid 


coolant in the liquid phase, B/lb-F 


Cpp = average specific heat at constant pressure of the gas 
stream, B/lb-F 
Cpe = average specific heat at constant pressure of the liquid 
coolant in the vapor phase, B/Ib-F 
150 
125 
100 — 
CALCULATED 
EXPERIMEN TAL(REF 4) 


FILM COOLANT H,0 
CHAMBER PRESSURE -450- 550 PSIA 
PROPELLANTS JP-4 W 


MIXTURE RATIO — 3.75-4. 


2 CHAMBER DIAMETER- 3.5 IN 
MOTOR THRUST— SOOLB (NOM) 


FILM LENGTH, L/D 


FILM COOLANT FLOW PARAMETER, Wc/Wg % 


Fig. 3. Film length vs. coolant (H.O) flow in the combustion 
zone of a JP-4: WFNA rocket engine 


toe 


Table 1 Comparsion of experimental coolant flow 


rates—L/D=0.5 


Comparison 


Coolant fluid W./Wy, % with H.O 
1.75° 1.0 480 
HNO; 3.75° 2.14 435 
NH; 4.37% 2.49 160 
JP-4 2 33” 1.33 450 

@ Reference (4). > Reference (8). 


D = diameter, ft 

n = overall film-cooling efficiency 

f’ = friction factor for two-phase flow, defined in Fanning 
equation for single-phase flow 

G = gas mass velocity, lb/ft?-sec 

Cr(T, — T. 

H = om enthalpy parameter, B/Ib 

AH, = heat of vaporization of coolant, B/Ib 

K = thermal conductivity, B/sec-ft-F 

L ~~ = length of coolant film, ft 

Pr’ = MMCpe/Ky 

Q = evaporation rate of coolant, lb/ft?-sec 7 

R =U,/Us 

R’ = Un/Us 

7 = temperature, ° F 

7’, = temperature of the coolant film and wall temperature, 

T, = gastemperature, ° F 

To = coolant manifold temperature, ° F 

U- = axial stream velocity, fps 

U, = axial stream velocity of gas at the centerline of the tube, 
fps 

U,, = average axial stream velocity of the gas, fps 

Us = axial stream velocity at edge of boundary layer, fps 

W = weight rate of flow, lb/sec 

W.’ = critical film coolant flow, lb/sec 


6 = effective mass transfer boundary layer thickness, ft 


6 = defined by Eq. 3 

= dynamic viscosity, lb/sec-ft 
Subscripts 
act = actual 

c = coolant 

v = vapor 

= mixture of gas and vapor 

0 = manifold conditions 

6 = effective mass transfer boundary layer thickness 
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Calibration of Thin Film Gage 
Backing Materials’ 


G. T. SKINNER2 


SOURCE 

Cornell Aeronautical Laboratory, Inc., Buffalo, N. Y. (arpmox.) _ 


A new method is described for determining the thermal 
properties of a material on which a thin film gage has been 
deposited. The method is a development of the pulse 
technique and eliminates the need for measuring gage 
area. The material properties are determined relative to 
those of a standard liquid. 


: bey: THIN film resistance thermometer has become one 
of the principal instruments used in intermittent hyper- 
sonic wind-tunnel operation (1),* and there is an ever-growing 
demand for better accuracy in measurement of surface heat 
flux. One of the areas of considerable uncertainty has always 
been the properties of the backing material. A pulsing 
mcthod (2) has been frequently used in which a step current 
is passed through the thin film and its time-temperature 
history recorded. If the gage area is known, one can then 
solve for the backing material properties. However, the 
efiective gage area is extremely difficult to measure accurately, 
and the following comparison method has been evolved to 
overcome this limitation. 

A first measurement is made with the gage set up in the 
usual bridge circuit shown in Fig. 1. At ¢ = 0 the gage is 
subjected to a pulse of current which has roughly a step form 
and which lasts for a few milliseconds. The usual condition 
is satisfied; namely, the change in resistance of the thin 
film due to heating is much less than its initial resistance, so 
that the heating per unit area is proportional to the square 
of the bridge current. The bridge is balanced so that the 
output voltage is proportional to the change in resistance due 
to heating multiplied by the current through the gage. 

A second measurement is made, at the same ambient tem- 
perature, with the gage immersed in a liquid bath. In this 
‘ase the heat generated in the thin film diffuses into both the 
backing material and the liquid, being divided between them 
according to their thermal properties. It is assumed that the 
thin film presents the same effective area to both backing and 
liquid. The thermal properties of the backing material can 
be related to those of the liquid as follows. 

The general relationship between the thin film temperature 
and the surface heat flux is most easily written in the Laplace 
transform language 


q(s) = Bv’s f(s) i= [1] 


INTERNAL 


IMPEDANCE 


OUTPUT 


sTeP ) 


Fig. 1 Bridge circuit 
if 
For the second measurement there are two relations | 
q*(s) = f*(s) 
and 
qi*(s) = f*(s) 


which are connected by the relation 


q(s) = + u*(s) 


Substituting from Eqs. 2, 3, and 4 into Eq. 5, we obtain 


43 
Bif(s) = (B + Bdf*(s) 

Hence 
Bo/(B. + Bi) = f*(s)/f(s) [6] 


Thus the temperatures F(t) and F*(t) have the same func- 
tional dependence on the time and may be written 


F(t) = AF y(t) F*(t) = A*F(t) 
Hence Eq. [6] becomes 
B./Bi = ((A/A*) — 1)7 [7] 


The ratio of the : amplitudes A and A* may be obtained by 
recording the bridge output in each measurement and re¢ vding 
the amplitude of each trace at the same elapsed time following 
the application of the current pulse. It is evident that the 
form of F(t), and hence the shape of the current pulse, does 
not affect the result. 

A forthcoming report (3) will give complete details of the 
whole procedure, and will include a description of a modified 
bridge circuit, based on an analog network (4), more suitable 
for this work than the simple Wheatstone bridge of Fig. 1. 
The main result (in units of Btu ft~? °F-! sec?) has been 
that the value of ®, for Pyrex glass has been determined as 
6, = 0.0743 + 5%. This is in close agreement with Vidal’s 


where Pre OO value (2) of 0.074 + 16%. The liquid reference used was 
q(s) = Laplace transform of heat flux per unit area, Q(t) 
f(s) = Laplace transform of surface (thin film) tempera- 24C 
8 = Laplace transform variable | re 
B = (Kep)'? 
K,c,p = thermal conductivity, specific heat, and density 
of the backing material or liquid 
= the backing material < 
( = the liquid 
( )* = measurement in liquid bath 
For the first measurement, Eq. 1 reads j 
(28°) 
q(s) = = f(s) [2] 
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_ By similar ratio measurements, the variation of ® with 
_ temperature has been obtained for Pyrex (5). In these meas- 
urements the ratio of the value of 6, at elevated temperature 
to the value at room temperature was obtained by pulsing 
_ the gage when heated in an oven, and when unheated. A 
- correction was applied to the input power because of the 
large change in initial resistance. The result is given in Fig. 2 
_ where the shaded area gives the limits of scatter in many 
- measurements with 23 gages. The theoretical curve is based 
_ on the following data for Pyrex (6, 7), and is probably accurate 
to better than +10% in B;. 
= —0.00352 + 0.00245 logy. T (°K) cal 
e = 0.174 + 0.00036 T (°C) cal gm=! °K-! 
2.23 gm cm~3 
_ It is important to note that the liquid bath method cannot 
: be applied to an unprotected gage unless a liquid is found 
which does not affect the gage. The experiments were carried 
out with platinum gages which are seriously affected by water 
- if left unprotected. However, all gages tested had thin Sili- 
- con dioxide protective coatings. 


It can be shown that this new method of determining 8: 
gives the correct value even when the gage is nonuniform 
along its length. This, together with the elimination of the 
area measurement and the removal of the necessity of pulsing 
with a good square wave, makes the new method both simpler 
and more accurate. 
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Effect of Magnetic Drag on Re-Entry 


RICHARD L. PHILLIPS! 


The Bendix Corp., Ann Arbor, Mich. 


EVERAL analyses have appeared recently (1,2)? which 
predict the possibility of reducing the heat transfer rates 
to re-entry vehicles by magnetogasdy namic techniques. The 
- scheme that has been analyzed in these papers concerns a 
— local effect; that is, at a given point in the vehicle trajectory 
a magnetic field interacting with the shock heated gas can 
alter both the viscous and inviscid flow fields about the vehicle 
in such a way as to reduce the local heat transfer rate at each 
body station. The time and space integrated effect of these 
local reductions is, of course, a decrease in the total re-entry 
heating of the vehicle. Another effect which reduces total 
vehicle heating is that the magnetic field (which changes the 
character of the flow field) causes a body force to be exerted 
on the large volume of ionized gas in the shock layer. This 
force has its main component antiparallel to the fluid velocity 
vector; hence there is effectively an increase in drag. With 
the addition of magnetic drag, the vehicle will decelerate 
faster and at higher altitudes; hence, the total heat pulse ex- 
perienced by the vehicle will be reduced significantly. Physi- 
cally speaking, the reduction is due to the fact that energy 
which would ordinarily be transferred to the vehicle in the 
form of heat is now dissipated ohmically. 

The following analysis pertains to heat pulse reduction by the 
magnetic drag effect; local effects caused by flow field modifi- 
cation are not included. 

Consider the hypothetical re-entry vehicle shape shown in 
Fig. 1. The shock wave preceding the vehicle will heat and 
ionize the oncoming air so that the vehicle will be ensh1ouded 
in a plasma sheath. Suppose that the vehicle has in its 
vicinity a magnetic field B which is constant throughout the 
shock layer and is everywhere normal to the local fluid velocity 
vector V. Such a magnetic field could not exist, but this 
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simplification will not invalidate the ensuing analysis. The 
action of fluid motion crossing magnetic lines of flux will 
produce an electric field E in a direction normal to both 
VandB, circumferential for the axisymmetric body being con- 
sidered. The ionized gas will have a finite electrical conduc- 
tivity ; this means that the induced E field will produce current 
loops encircling the body. Finally, the interaction of the 
current loops with the magnetic field results in a Lorentz force 
(j X B), which opposes the local velocity vector. Flow re- 
tardation results and the magnetic field has essentially in- 
creased the drag coefficient of the vehicle. At any point in 
the trajectory the total Lorentz force acting on the vehicle is 
a complicated function of vehicle geometry, magnetic field 
configuration, vehicle velocity and altitude. It will be as- 
sumed that the Lorentz force can be written in the form 


f = k(V.,h)-Vo 


where, as stated before, k(V.,h) must be evaluated at each 
point in the trajectory. For simplicity it is assumed that k is 
a constant and f is then directly proportional to the vehicle 
velocity V.... Later it is shown how k(V..,h) can be evaluated, 
and the implications of assuming it to be a constant will be 
discussed. 

Following a basic Allen-Eggers-type trajectory analysis, it 
is assumed that the atmospheric density varies in an ex- 
ponential fashion with altitude, and also that the flight path 
angle is a constant and is equal to its value at atmospheric 
entry. The coordinate system for this problem is the same as 
is used in (3). The equations of motion for a re-entering space 
vehicle become 


dt 2A 
= —V.sin 0; 
> 


where A equals m/CpA. For an exponential atmosphere 
= pu/po = e~Fh 


and Eqs. 1 become a standard, linear, first-order, differential 
equation whose solution is easily found to be 


Bm sin Bmsin Og 2] 
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where 


e*"z 1.0 


*=9 AB sin 
and Ei(ac) is the exponential integral function. As noted 


earlier, the effect of magnetic drag is to decelerate the vehicle 
faster and at a higher altitude than in the pure ballistic case. 
It can be shown that the result of this trajectory alteration is a 
reduction in the heat pulse to the vehicle. 

It will be assumed that the heat absorbed at the stagnation 
point of the vehicle is representative of the heating experienced 
by the entire vehicle. The stagnation point heat rate is 
found in many references, e.g., 


q = AV pa = 


Using the density ratio o as the variable of integration and 
making the transformation zx = ag, the expression for the 
heat pulse per unit area may be written as 


m? (B sin 6z)'/2 


where, for simplicity, and C, have been defined as 


_kEi(zz) 
te +3 B msin | 
k 
Ce Bm sin Oz 


The expression in Eq. 3, then, represents the total heat pulse 
per unit area to the stagnation point region of a re-entry ve- 
hicle which has a magnetic field in its vicinity. For a pure 
ballistic vehicle which has no magnetic drag the heat pulse 
expression is 


V2 A(V.) 


sin 


Now the expression that will be most useful in assessing the — 
worth of the heat shielding scheme is the ratio of Eqs. 3 and 4. : 
Define Q as 


Q = Q/Q 
and find that 


(m(V.) x8 sin axl (2) 5] 


where 


= f Hi(x)dx 


The integrals J,, Jz and J; can be evaluated by a digital com- 
puter once the re-entry conditions are specified and a value of 
ais selected. This has been done for values of (V..)z and hz 
appropriate to ICBM re-entry and for @ ranging from 1 to 
1000. Then @ has been calculated from these results for a 
magnetic interaction parameter k/m sin @z, which varies 
from 10-5 to 10-!. The results are shown in Fig. 2. It may 
be seen from this figure that if an interaction parameter of 10~? 
is achievable, then the stagnation point heat pulse is only 80% 
of that experienced by a pure ballistic vehicle. If, as has been 
assumed, this 20% reduction is representative for the entire 
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dx [4] 7 


BOW SHOCK WAVE 
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Fig. 1 Typical hypersonic vehicle 
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Fig. 2 Effect of magnetic drag on heat — reduction 


vehicle, the heat shield weight may be reduced by a similar 
amount. 

Fig. 2, which shows the order of magnitude of heat transfer 
reduction which can be expected when a vehicle possesses mag- 
netic drag, is useful only when supplemented by some means 
for determining the magnetic interaction parameter k/m sin 
6. To calculate this parameter accurately is extremely dif- 
ficult, even with the aid of a digital computer. 

There follows a rough analysis of the flow field-magnetic 
field interaction problem. Naturally, many simplifying 
assumptions are made. The vehicle configuration is that de- 
picted in Fig. 1, a sphere-capped cylinder. For simplicity in 
-alculation, only the contribution to the magnetic drag from 
the flow field aft of the spherical nose will be considered. The 
coordinate system is also shown in Fig. 1. An element of 
volume in the region between the body and the shock wave 
is seen to be (r)(dr)(dx)(do@). Then a differential Lorentz 
force would be written 


df = o-VB*rdrdxdo 


This expression must be integrated over the entire volume of 
the selected portion of the shock layer to give the total 
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Lorentz force acting on the vehicle. As a first (and not too one can solv e for the Bilas iis acting on the vehicle. The 


i 8 
limiting) simplification, it will be assumed that the flow field mathematics is straightforward but lengthy; hence, only the 
y p 
and the magnetic field are both axisymmetric, thereby elimi- final result will be presented here. Upon integration and c 
nating any dependence on ¢. Next, the magnetic field application of limits one obtains d 
7 strength B will be assumed to be constant at some conserva- K OK i 
tive value throughout the flow field. The extremely complex f=2 F a 
: ee nature of any feasible, physically achievable, magnetic field 2n+ 1 +4 s 
configuration makes such an assumption imperative. Apply- 2K, Ki e 
i simplifications, the expression for Lorentz force a+i 
Th 
it ; ‘here F and G are complicated functions of the constants 
where L is the total vehicle length beyond the spherical nose. K, K, i 
the of Now k/m sin equals f/V..m sin A typical value for 
i ocity ratio V/V... is introduced, and the Lorentz force becomes might re-enter at an angle such that sin 6, = 0.4. Finally, 
using Ridyard’s data and an L of 10, the interaction 
f = 2 o.Vrdrdz [6] parameter is 
La a From Eq. 6 it can be seen that one needs only the 7 and % k/m sin 0g = 5.58B?ry3 j i 
dependence of o, and V in order to evaluate the double in- ee 1 
i tegral. From this point on, simplifying assumptions become Fora value of ry of 0.5 m and B oe gauss (10~" weber/m’) | 
somewhat more restrictive. Knowledge of the behavior of V the interaction parameter has a value | 
and o, with % and 7 can only be gained from a characteristics k/m sin 0g &7 X 107* see 
solution of the flow field surrounding a particular vehicle. ' ; ee 
Such a solution requires the use of a digital computer, since A vehicle of the type for which the value of (m sin 0g) assumed 
the effects of imperfect gases and flow rotationality must be in the foregoing would be applicable, would probably have an 
considered. It is the intent here to use the results of such a a parameter (@ = po/2 AG sin Og) between 1 and 10. Then 
computer program to arrive at simple, analytical expressions referring to Fig. 2, one sees that Q will be about 0.83 for the 
for o,and V. Ridyard (4) has performed a study of the shock hypothetical yet typical case which has been considered. ; Of 
layer structure appropriate to the vehicle shape selected for course, k/m sin 6, will not be constant throughout the trajec- 
this analysis. All of his results were obtained for a free stream tory but may well vary over an order of magnitude. The 
Mach number of 15 at an altitude of 100,000 ft; hence the point in the trajectory for which the value 7 X 10~*/see was 
present results apply rigorously only for these free stream con- calculated corresponds to a rather small velocity compared to 
ditions. From (4) then, it appears reasonable to make the re-entry conditions. That is, for the sphere-cylinder body 
approximations (k/m sin @,) will have much higher values than 7 X 107° 
= — and likewise much lower. It may be, then, that the value 
eyatgy rs = Kit which has been calculated will be representative of the trajec- 
= ~ 1)/¢.~ 1)1 + Ke and that the heat pulse may indeed be reduced by 17%. 
aa Further analysis is required to either ver erify or disprove these 
an 
speculations. 
a References J 
2[(7 — 1)/(% — 1) — Ks] 1 Bush, W. B., “Compressible Flat Plate Boundary Layer Flow With An 
s Applied Magnetic Field,’’ Space Technology Laboratories Rep. GM-TR- 
where K,, Ke, K3, Ks, n, mo, and are all constants evaluated 
from Ridyard’s paper. The three formulas have the following gy Dp. 235-245. 
implications. The shock layer thickness is a power law func: 3 Allen, H. J. and Eggers, A. J., “A Study of the Motion and Aerody- 
tion of axial distance (an excellent approximation), the velocity Atmssphere at High Super- 
profiles are linear with (7 — 1)/(7; — 1) and self-similar, and 4 Ridyard, H. W., “Comparison of the Ionized Shock Layer About 
switey Two and Three Dimensional Blunt Shapes at Hypersonic Speeds,’’ General 
se conductivity profile can be re tans nted by . rectangular Electric Co., Missile and Space Vehicle Dept., Philadelphia, Pa., T1S Docu- 
ryperbola. Upon insertion of these representations into Eq. 6 ment no. R 605D327, Feb. 2, 1960. 


high energy substances. Previous work (1)* has shown that 
electrical volume resistivity measurements made continuously 
and isothermally during polymerization yield data indicative 
of the rate, extent, and optimum manner in which to conduct 
the hardening of conventional, polyfunctional, plastic bonded 
propellant binders and solid propellants. Resistivity measure- 
ments have now been applied to the investigation of the 
hardening of plastisol propellants. It is the purpose of this 
communication to briefly describe the experimental tech- 
nique for investigating the reactions of these substances and 
~ Received Jan. 23, 1961. to present data on a rate study of a typical propellant system. 
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Hardening of Plastisol Propellants — 


R. W. WARFIELD! and G. D. BLUM? 


U. S. Naval Ordnance Laboratory, White Oak, Silver 
Spring, Md. 


HE RECENT development of plastisol propellants has 
necessitated the application of new experimental techniques 
for investigating the hardening (gelation) of these complex, 
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Hardening of plastisol propellants occurs by the progressive 
solvation (swelling) of finely divided nitrocellulose by a 
plasticizer to form a solid. This reaction differs from that of 
conventional propellant binders in that the bonds formed 
during the hardening process are secondary ones, whereas 
primary chemical bonds are formed during a polymerization 
process. However, electrical resistivity measurements can 
stil! be employed to yield data on the rate and extent of hard- 
ening in much the same manner as previously described (1). 

The continuous current monitoring device (CCMD), which 
is 1 simple application of Ohm’s law, is used to determine the | 
resistivity of the plastisol during hardening (2,3). This de- 
vice consists of a Keithley Model 210 electrometer, a Keithley 
Model 2008 decade shunt, and a sample cell. The sample cell, 
in which hardening is conducted, consists of two small con-. 
centric cylinders which form an annular space holding about 
8¢m of sample. A small oven is used to maintain isothermal 
conditions within +0.5 C. The sample cell and experimental 
arrangement employed to record the electrical volume re- 
sistivity continuously have been previously reported (2). 

Results obtained at this Laboratory (4) on a typical plastisol 
system are shown in Fig. 1. The curves are semilogarithmic 
plots of resistivity vs. time for a series of isothermal 
hardening reactions of a typical plastisol. The initial reac- 
tion is one of gelation and is evidenced by the rapid increase 
in the resistivity to an initial maximum value. For example, 
in Fig. 1, the reaction at 81 C exhibits an initial maximum 
resistivity (gel point) after about 40 min. The rate of this 
initial gelation, which results in a great increase in the bulk 
viscosity, is highly temperature dependent. After the initial 
gelation the swollen nitrocellulose particles further interact 
with excess plasticizer to form a viscous homogenous solu- 
tion of the particles in the plasticizer (5). This is evidenced 
by a decrease in the resistivity as the swollen particles dissolve 
in the plasticizer. Following this decrease there is, however, 
an increase in the resistivity as solvation approaches comple- 
tion. Completion of the process is indicated by the leveling 
off of the resistivity toward a constant value after 480 min. 
These results appear to be consistent with the theory for the 
swelling and gelatinization of nitrocellulose by a plasticizer 
(5,6). They also indicate that the hardening of these systems 
requires a longer time than had been previously estimated. 

The optimum manner in which to harden plastisol propel- 
lants can be determined by inspection of resistivity versus 
time plots provided that all the isothermal reactions are carried 
to completion. Reactions conducted at too low a temperature 
yield plots which lack definition (7). For example, in Fig. 1, 
the reaction conducted at 60 C proceeds in an irregular manner, 
while those conducted at higher temperatures proceed more 
rapidly and uniformly. 

The results presented here indicate that electrical resistivity 
measurements are sensitive to the hardening of plastisol pro- 
pellants and can be employed to investigate the reactions of 
these complex substances. The usefulness and value of these 
measurements is not impaired by the presence of high per- 
centages of oxidizers and other insoluble additives. Addi- 
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Isothermal hardening of a plastisol propellant 


tional chemical and physical studies are necessary to com- 
pletely elucidate the nature of the hardening of these high 
energy propellants. 
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Comments on Use of Osculating Ellipse 
in Analysis of Near Cireular Orbits 


YOSHIHIDE KOZAL 


Smithsonian Institution, Astrophysical Observatory, 
Cambridge, Mass. 


OME errors have recently been uncovered in an article, 
by Raimond A. Struble and William F. Campbell,? which 
was published in the January issue of ARS JouRNAL. 

Struble and Campbell concluded that traditional orbital 
concepts based on the elements of an osculating ellipse be- 
come meaningless for nearly circular orbits, because in this in- 
stance the radius of the satellite has more than one perigee. 

However, even for a nearly circular orbit, coordinates of 
the satellites can be expressed by osculating orbital elements. 

If a so-called proper eccentricity is zero, the osculating 
values of the argument of perigee and the eccentricity are ex- 
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pressed by 
1/4 B {cos (—8) + 7/3 cos 38} 
1/4 B {sin (—8) + 7/3 sin 36} 


€ COS w 
é sin w 
where 
ee 
B = J (R/r)? sin? t 


Of course, the argument of perigee changes very rapidly jor 
this case; however, the shape and the size of the ellipse are not 
subjected to major variations. 

Since the variation of the semi-major axis is expressed by 


B cos 28 


r=a{l— ecos (6 — w)} 


by using the relation 


we can derive the same expression of the radius as they did for 
the nearly circular orbit. 

Although the motion of the perigee is not associated with a 
fundamental frequency, in the solar system there are some 
asteroids and natural satellites whose motions of perigee are 
not associated with the fundamental motion (Thule, Hilda, 
Enceladus, Hyperion). Astronomers have been using osculat- 
ing ellipses even for these bodies. 


Eficiency Thrust 
Measurements! 


WILLIAM J. GUMAN? 


Republic Aviation Corp., Farmingdale, N. Y. 


HE BEAM power efficiency is frequently used to evalu- 
ate and compare electrical propulsive devices. A correct 
form of this efficiency is given by 


= 5 f (outaay/P 
where u and p denote velocity and mass density, respectively, 
and are in general a function of the area A. The quantity P 


is the power input. In practice the evaluation of Eq. 1 is 
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commonly carried out, as in (1),? by assuming 

1 The flow has a perfectly uniform velocity and density 
distribution. 

2 The flow is expanded until the exit pressure equals the 
surrounding ambient pressure. 
These assumptions reduce Eq. 1 to the form 


= T?/2mP [2] 


where 7 is a measured thrust and m the mass flow rate. 
Eq. 2 is the working form used for engine analysis. Since, 
for electrical propulsion devices, accurate velocity, mass 
density and pressure distribution measurements cannot be 
carried out with diagnostic equipment within the present 
“state of the art,” it is of interest to note the effect of assump- 
tions 1 and 2 on beam power efficiency calculations, using Eq. 
2 instead of Eq. 1. 

The effect of a nonuniformity in the velocity and mass 
density distribution is to produce a beam power efficiency 
lower than the correct value. Assuming various axisym- 
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